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BA MUOI NAM - CHANG PUONG CAC KY THI OLYMPIC TOAN
SINH VIEN TOAN QUOC

Nguyén Van Mau*
Hoi Toan hoc Ha Noi

Cac ky thi Olympic Toan hoc sinh vién gitta cac truong dai hoc va cao dang trong ca
nudc tir 1au da trd thanh nép sinh hoat giao luu truyén théng trong 16p 16p cac thé hé sinh
vién dam mé hoc toan, mong mudn tim hiéu cac ting dung phong phu va da dang ctia Toan
hoc trong nhip séng thuong nhat ctia doi séng kinh té xa hoi hién dai. Pa qua 30 ky thi
Olympic dugc t6 chitc hang ndm vao thang 4 dau thang 5 nham ky niém chién thang 30
thang 4 - ngay gidi phong mién Nam théng nhat dat nude va chao mirng sinh nhat Bac Ho
kinh yéu - ngay 19 thang 5 lich stt. K& tir ky thi Olympic Toan hoc sinh vién lan thi nhat
dugc t6 chitc vao nam 1993, tai Truong Dai hoc Tong hgp Ha Noi (nay 1a truong Dai hoc
Khoa hoc Tu nhién, Pai hoc Qubc gia Ha Noi), chi véi su tham gia cta ba truong dai hoc
1a Pai hoc Bach khoa Ha Noi, Pai hoc Su pham Ha Noi va Dai hoc Tong hgp Ha Noi. Tiép
theo, cac ky thi Olympic Toan hoc lan lugt dugc t6 chirc déu dan thuong nién tai Dai hoc
Béch khoa Ha No6i (1994), Dai hoc Su pham Ha Noi (1995), Dai hoc Xay dung Ha Noi (1996),
Hoc vién Ky thuat Quan su (1997), Dai hoc Mo dia chat (1998), Pai hoc Giao thong Ha Noi
(1999), Pai hoc Thuy lgi (2000). Dc biét, tai ky Olympic lan thi IX, lan dau tién Olympic
Toan hoc dugc tién hanh song song dong thdi & hai hoi dong thi tai Ha Noi (Dai hoc Ngoai
thuong, Co sd 1 Ha Noi) va tai Thanh phd H6 Chi Minh (Pai hoc Ngoai thuong, Co s& 2
Thanh phé Ho Chi Minh) (2001). Tiép dén, ky Olympic lan thit X dugce t6 chitc dong thai &
Pai hoc Kinh té Qudc dan Ha Nai va DPai hoc Kinh té Thanh ph6é Hé Chi Minh (2002). Sau
dé, cac ky Olympic Toan hoc sinh vién lai ni tiép dugce t6 chirc thong nhat § mot dia diém,
tai Dai hoc Bach khoa Thanh ph6 Ho Chi Minh (2003), Pai hoc Quy Nhon (2004), Dai hoc
Su pham Hué (2005), Dai hoc Pa Nang (2006), Pai hoc Vinh (2007), Hoc vién Hai quan Nha
Trang (Khanh Hoa, 2008), Pai hoc Quang Binh (2009), Pai hoc Khoa hoc Hué (2010) va Dai
hoc Quy Nhon (2011). Cac ky thi Olympic Toan hoc sinh vién gitta cac truong dai hoc va cao
déng trong ca nudc dugce khoi dong do sang kién ctia cac khoa Toan thudc Pai hoc Tong hop
va Dai hoc Bach khoa Ha N&i. Tir ky Olympic Toan hoc lan thi 4 tai Pai hoc Xay dung Ha
Noi, cudc thi nay chinh thitc dugc su bao trg ciia Hoi Toan hoc Viét nam (vé chuyén moén)
két hop véi Bo Gido duc va Dao Tao, Héi Sinh vién Viét nam va truong dai hoc co s& ding
cai tryc tiép diéu hanh cac cong viéc vé t6 chirc, khanh tiét va tham quan - thuc dia cho cac
doan tham gia Nhin lai chang duong 30 nam da di qua, mdi chung ta ngay cang thay ro
hon vai tro va y ngh1a to 16n ddi voi cac co s dao tao qua tung ky thi Olymplc Toan hoc
sinh vién. D6 1a cac hoat dong chuyén mon s6i ndi day hap dan, rat can thiét va c6 y nghia

*GS.TSKH Nguyén Van Mau, Nguyén Phé Cht tich Hoi Toan hocViét Nam
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thiét thue dé khuyén khich, c6 vii, dong vién sy say mé hoc tap va ing dung Toan hoc cta
sinh vién cac truong dai hoc va cao dang, nham phat hién va bdi dudng nhiing nang khiéu
Toan hoc tré, gép phan dao tao nén d6i ngi can bo ké can dé phuc vu viéc nghién citu, giang
day va ting dung Toan hoc trong khéi cac truong dai hoc va cao dang. Thong qua noi dung
hoat dong chuyén mon ctia céc ky thi Olympic Toan hoc sinh vién, cac truong dai hoc va cao
dfang trong ca nudc co diéu kién xem xét lai chuong trinh dao tao, t6 chic cac hoi thao khoa
hoc chuyén dé tuong ting vé giang day va ting dung Toan hoc. Cac hoat dong ctia cac hoi
thao vé dao tao va semina khoa hoc song song véi cac ky Olympic toan sinh vién la rat thiét
thuc va thuc su can thiét. Chung ta cting can dau tu thém, dé€ c6 noi dung sinh hoat phu
hop hon va cé dé dan chuyén mon sat véi nhu cau thyc tién thi sé gitip cho cac thay gio, co
gido tré tu tin trong budc duong giang day va nghién cttu Toan hoc, gitup ho ngay cang c6
thém nhimng ung dung Toan hoc, thiét thuc hon trong hoat dong thuc tién phong phu ctia
nén kinh té dat nudc trong thoi ky cha dong héi nhap sau va rong & tam cao quoc té. Trai
qua 19 ndm, thong qua cac ky thi Olympic Toan hoc sinh vién toan qudc, cac truong dai hoc
va cao dang trong ca nuéc da c6 thém nhiéu co hdi dé trao ddi, chia sé nhiéu kién thirc bd
ich va kinh nghiém trong hoat dong thuc tién vé hoat dong dao tao va nghién ctru khoa hoc
n6i chung, trong linh vyc gidng day va boi dudng tai nang Toan hoc noi riéng. C6 duge su
thanh cong ruc rg cua cac ky Olympic Toan hoc xuyen subt nhitng ndm qua, trude hét la nho
vao su hoc tap chuyen can, sy say mé Toan hoc ctia dong déo sinh vién, nho vao sy tin tam
cta 16p 16p cac thay, cac cb trén giang duong dai hoc. Cé nhiéu truong dai hoc & nhirng noi
rat kho khan, xa x6i, tir dia dau bién gidi phia bac T6 quéc (nhu Cao dang Son La, ...) dén
cac truong & Tay Nguyén (nhu truong CDSP Tay Ninh, .. .), cac truong & tdn cung phia nam
(nhu truong Pai hoc An Giang, Pong Thap, Can Thg, ...), ti cac trudng cong 1ap dén cac
truong dan 1ap, cac truong co ban, ky thuat dén cac truong van hod nghé thuat, ... Diéu dé
minh ching su 16n manh khong ngitng ctia phong trao, stc hap dan dac biét cua Olympic
toan hoc, no thé hién su quan tam cda cac truong, cac khoa, b moén Toan trong ca nudc. ..
Vay nén trach nhiém ctia Hoi Toan hoc Viét Nam, nhiing ngui t6 chire cac ky Olympic phai
gitt duge ngon Itra Olympic mai mai chdy sang, nhu ngon dudc soi dudng nang budc cho
nhing trai tim khdi 6c dang khét vong cong hién dugc nang budce di 1én bay cao va bay xa
theo su6t ching duong dai cung thoi dai mdi. ..

Ciing can nhidn manh rang, gan vdi cac ky Olympic Toan hoc sinh vién toan qubc & Viét
Nam con ¢6 nhiing su kién Olympic quan trong khac. Trudc do, da 49 ndm, nudc ta tham
gia thi thi Olympic Toan quéc té (IMO) trong chuong trinh toan cap trung hoc phé thong.
Chting ta con nhd mai nhiing hinh anh khong thé nao quén & nam hoc 1973 - 1974, du da
qua mot phan ba thé ky, ndm hoc dau tién cac Khoi chuyén toan tap trung cao do cho viéc
chuan bi tham du ky thi Olympic Toan qudc té. Chiing ta hoi hop va chd doi cac hoc sinh
than yéu cia minh di xa, khong pha1 di ra chién truong, ma la di du thi Olympic Toan quoc
té. Ket qua huy chuong vang cua em Hoang Lé Minh va dong doi da cho chung ta niem
tin, ¢8 v cac thé hé hoc sinh tiép theo vitng budc di 1én trén tam cao méi. Tir d6, nam hoc
nao nudc ta cing c6 doi tuyén manh, thay va tro trudng thanh qua tirng ndm thang. Ky thi
Olympic Toan hoc sinh vién toan qudc ctia nudc ta dugc t6 chirc lan dau tién vao nam 1993.

Ngay ndm sau d6, nam 1994, ky thi Olympic Toan hoc sinh vién quoc té (International
Mathematical Competitions for university students (IMCS)) ra doi. Nhung mai dén nam
2008, tic 1a sau 14 nam, ching ta mdi c6 doan sinh vién 1an dau tién tham du, d6 1a doi
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tuyén gom cac sinh vién ctia Hé Dao tao Clt nhan Khoa hoc Tai nang ctia truong Dai hoc
Khoa hoc Ty nhién, PHQGHN. Ngay lan dau ra quén, sinh vién Viét Nam da gat hai thanh
cong. Em Hoang Manh Hung dat huy chuong vang Olympic. Qua ba ky tham du Olympic
Toan hoc sinh vién quéc té, chiing ta ciing da khang dinh chat lugng gido duc va dao tao
Toan hoc mui nhon bac dai hoc ¢ nudc ta khong qua tut hau so v6i cac nude trong khu vuc
(d6i tuyén nudc ta da 2 lan dung trong top 20 trong s0 gan 100 doi tuyén cua cac truong
dai hoc trén thé glOl tham duy). Tat nhién, cac két qua nay van con khoang cach xa so vdi bé
day thanh tich ctia hoc sinh phé thong tham du céc ky thi IMO. Cac sinh vién tham du IMC
phai am hiéu sau sac nhiéu linh vuc cta todn hoc nhu Giai tich thuc va phiic, dai s6, hinh
hoc gidi tich, toan 0i rac, ly thuyét tro choi,... va phai tu trinh bay 15i giai bang tiéng Anh
nita... Vay la ndm tdi day, ndm 2013, chung ta sé c6 thém nhiéu chuong trinh hoat dong y
nghia trong cong dong toan hoc ky niém truyén thong Olympic IMO va IMC, gan vdi cac ky
Olympic Toan hoc sinh vién.

Nam nay, chuing ta t6 chic ky niém 30 nam cac ky Olympic Toan hoc sinh vién tai Dai
hoc SP Hué, mét truong dai hoc c6 truyén thdng dao tao cac gido vién tai ning cho dat
nudc. Chac chan rang ky thi Olympic Toan hoc luon ghi dau 4n dam nét trong méi can bo,
gidng vién, sinh vién cac trudong dai hoc va cao dang vi trén vai mdi ngudi 1a s ménh, 1a
trach nhiém hét stc nang né va mdi mé trudc mot thach thic to 16n 1a rat tu tin tham gia ky
Olympic tAm c& qubc gia v6i sy tham gia ctia hang tram truong dai hoc va cao dang, hang
nghin sinh vién Toan hoc tai nang tdi day dé hoi ngd, hoc hoi va tham du thi Olympic Toan,
thé hién nhirng hoai bao, udc mo, khat vong sang tao. Day ciing la mot co hoi to 16n dé cac
can bo giang day, cac nha quan ly gido duc tir khap mién - viing trong ca nudc gap gd, trao
déi, giao luu va chia sé kinh nghiém trong giang day cting nhu bdi dudng tai nang tré Toan
hoc cho tuong lai.

Nhin lai chdng 30 ndm da di qua, tuy khong dai, song ching ta cang thay that tu hao
hon vé nhitng thanh cong va két qua Olympic Toan hoc sinh vién da dat dugc. Nhiéu thé hé
thay gido, co gido da trudng thanh, ty tin cht dong hoi nhap, ngay dém tan tdm tan luc véi
su nghiép gido duc, dao tao, hét minh vi lép 16p hoc tro than yéu, da n6 lyc d6i méi chuong
trinh, gido trinh dai hoc, phu(dng phap glang day, phat huy tinh tich cuc, chu dong sang tao
ctia sinh vién, d6i m&i quan ly, khac phuc cac mat han ché, yéu kém, chuyen bién manh me,
phéin dau ddm béo chat lugng gido duc va dao tao, dap ing ngay cang tot hon yéu cau phat
trién kinh té xa hdi va phuc vu sy nghiép cong nghiép hoa, hién dai hoéa dat nudce.

Nhan dip héi thao lién két gitta Truong Pai hoc Pong Thap va Hoi Toan hoc Ha Noi, xin
gli tdi ban lanh dao nha truong, cac thay, co va cac sinh vién Nha truong dat nhiéu thanh
tich xuét sc trong dao tao, nghién ctru trién khai, chic nha truong phét trién nhanh, manh,
bén virng trén tam cao moi.

Ha Noi - Dong Thap 10/2023
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HOAT DPONG OLYMPIC TOAN SINH VIEN TRONG TRUONG
PAI HOC PONG THAP

Nguyén Trung Hiéu*
Nguyén Van Ding'
Tran Lé Nam?

Tém tat ndi dung

Trong bai viét nay, chiing t6i trinh bay mot sb két qua dat duogc va han ché ctia hoat
dong Olympic Toan Sinh vién tai Trudng Dai hoc Dong Thap. Dong thoi, chung toi ciing
dé xuat mot s6 dinh hudng dé phét trién hoat dong nay trong thoi gian tdi.

1 Tong quan veé Ki thi Olympic Toan sinh vién va hoc
sinh toan quoc

Ki thi Olympic Toan sinh vién toan quc la mét sang kién ciia Hoi Toan hoc Viét Nam,
dugce t6 chitc dau tién vao ndm 1993 tai Truong Pai hoc Tong hop Ha Noi (nay 1a Truong
Pai hoc Khoa hoc Tu nhién - Pai hoc Quéc gia Ha Noi) v6i su gop mat ctua ba truong
dai hoc: Dai hoc Bach khoa Ha Noi, Pai hoc Su pham Ha Noi va Dai hoc Téng hgp Ha
Noi. Ké tir d6, hang nam, Hoi Toan hoc Viét Nam phédi hgp v6i mot truong dai hoc, Bo
Giao duc va Dao tao, Lién hiép cac hoi khoa hoc va ki thuat Viét Nam va Trung uong
Hoi sinh vién Viét Nam dé t6 chitc Ki thi Olympic Toan sinh vién toan qudc. Tir nam
2017, Hoi Toan hoc Viét Nam da phéi hop voi Truong Dai hoc Phu Yén t6 chire Ky thi
Olympic Toan sinh vién va hoc sinh, bao gém phén thi Olympic Toan danh cho sinh vién
cac truong cao déng, dai hoc va hoc vién trén toan quéc va phan thi Olympic Toan danh
cho hoc sinh cac trung hoc phé théng (THPT) chuyén trén toan qudc. D6i véi phan thi
Olympic Toan danh cho sinh vién, Ky thi t6 chirc thi hai mén déc lap, gom Dai s6 va Giai
tich. M6i sinh vién c6 thé du thi mot hodc ca hai mon. Méi doi tuyén c6 tdi da 5 sinh vién
cho méi mén thi. Déi v6i phan thi danh cho hoc sinh THPT chuyén, méi truong THPT
chuyén ctr doi tuyén bao gom khong qua 10 hoc sinh cta truong. Céc hoc sinh lam hai
bai thi trong hai bu6i, mdi bai 180 phuit.

Muc dich ctia ki thi 1a gép phan nang cao chét lugng day va hoc toan, thiic ddy phong
trao hoc toan trong hoc sinh, sinh vién; phat hién, boi dudng cac sinh vién gidi toan trong
cac truong dai hoc, cao dgmg va hoc vién; thuc day niém say mé toan hoc trong hoc sinh

*Truong Dai hoc Déng Thap
+Tru'dng DPai hoc Déng Thap
iTru’(jng Pai hoc Déng Thap
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khdi Trung hoc phé théng chuyén; phat hién, bdi dudng hoc sinh gi6i toan cting nhu tao
co hoi giao luu gitra cac hoc sinh gidi toan khéi THPT chuyén véi cac sinh vién va giang
vién toan tai cac truong dai hoc, cao déng va hoc vién. Tham gia ki thi, sinh vién va hoc
sinh ¢6 co hoi khfmg dinh tai nang vé toan hoc ctia minh, dong thdi sinh vién va hoc sinh
cting ¢6 co hdi giao luu véi cac nha toan hoc, sinh vién gidi todn ctia nhiéu truong dai
hoc va cao dang trong toan québc vé phuong phap hoc toan, vé nghién ctru toan [1].

Nhitng ndm gan day, ky thi da thu hat nhiéu sinh vién, hoc sinh tham du va da trd
thanh mot trong nhiing hoat dong nhan dugc sy quan tdm sau rong ctia tat ca cac truong
dai hoc, hoc vién, truong cao dang va truong THPT chuyén trén toan qubc. Truong Dai
hoc Dong Thap tham gia ki thi Olympic Toan sinh vién toan qudc lan dau tién vao ndm
2005. K€ tir d6, hoat dong Olympic Toan sinh vién dugc lanh dao Truong Pai hoc Déng
Thap, Khoa Su pham Toén - Tin (trudc day la Khoa Toan hoc) xem nhu la hoat dong
thuong nién.

2 Thuc trang hoat dong Olympic Toan sinh vién tai
Truong Dai hoc Dong Thap

2.1 Hoat dong Olympic Toan sinh vién tai Truong Dai hoc
Dong Thap

Hang nam, nham chudn bi cho viéc thanh lap déi tuyén Olympic Toan sinh vién
Truong Pai hoc Pong Thap tham du ki thi Olympic Toan sinh vién toan quoc, Khoa Su
pham Toén - Tin t6 chitc ki thi Olympic Toan sinh vién cap truong. Déi tuong tham du
1a tat ca sinh vién hé chinh quy cta Truong Dai hoc Déng Thép. Ki thi t6 chirc hai mén
doc 1ap 1a Dai s6 va Giai tich véi nhitng kién thitc toan trong chuong trinh cac hoc phan
vé Toan cao cap. Trude ki thi vong trudong, Khoa t6 chiic cho sinh vién dang ki tham gia
va t6 chitc 6n tap theo tirng mén. Mic du véi ké hoach 6 chirc ki thi Olympic Toan sinh
vién vong trudng nghiém tic nhung sb lugng sinh vién tham gia rat han ché, chi yéu la
sinh vién nganh Dai hoc Su pham Toan hoc, sinh vién cac nganh khac khong tham gia.
Bén canh sb lugng sinh vién tham gia han ché, két qua cua ki thi ciing chua cao. Pa )
sinh vién chi dat dugc giai Ba va giai Khuyén khich, s6 lugng sinh vién dat cac giai cao
rat han ché.

Sau ki thi Olympic Toan sinh vién cap Truong, Khoa t6 chitc tuyén chon nhing sinh
vién c6 két qua cao vao doi tuyén Olympic Toan sinh vién ctia Truong. S6 lugng thanh
vién cua doi tuyén khéng qua 10 sinh vién v6i khong qua 5 sinh vién mo6i mon. Déng
thoi, Khoa cur cac glang vién c6 kinh nghiém tham gia on tap, boi dudng cho doi tuyén
cho dén khi doi tuyen tham gia ki thi cap toan quoc Trong nhu’ng nam gan day, thanh
tich ctia doi tuyén Olympic Toan sinh vién Trudong Dai hoc Pong Thap ludn dat duge
nhitng két qua tot, thanh tich ndm sau cao hon nam trudc.
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Nam Giai Nhat | Giai Nhi | Giai Ba | Giai KK | Téng cong
2005 0 0 2 2 4
2006 0 0 1 4 5
2007 0 0 3 1 4
2008 0 1 4 2 7
2009 0 0 2 0 2
2010 0 1 1 0 2
2011 0 0 2 0 2
2012 0 1 3 1 5
2013 0 1 2 2 5
2014 0 0 5 1 6
2015 2 1 2 2 7
2016 0 0 4 0 4
2019 2 1 3 1 7
2022 1 3 2 2 8
2023 1 3 5 0 9
Tong cong 6 12 41 18 77

Két qua dat dugc cta ddi tuyén trong nhitng ndm gan day 1a két qua ctia qua trinh
chuén bi 6n luyén nghiém tuc, quyét tim cao ctia thay va trd Khoa Su pham Toan - Tin,
su quan tadm ctia lanh dao Trudng Pai hoc Dong Thép va sy dong hanh tai trg cac cong
ty, doanh nghiép. Pong thdi, thanh tich dat dugc ctia ddi tuyén Olympic Toan sinh vién
qua 15 lan tham du cac Ki thi toan quéc tir nam 2005 dén nam 2023 (nam 2017, nam 2018,
Trudng Dai hoc Pong Thap khong tham dy; ndm 2020 va ndm 2021, Ky thi khong duge
t6 chitc do dich bénh Covid 19) da khéng dinh chét lugng dao tao cia Khoa Su pham
Toan-Tin ngay cang nang cao.

Dé dong vién sinh vién tham gia ddi tuyén Olympic Toan sinh vién toan qudc, Khoa
da ban hanh quy dinh khen thudng sinh vién dat giai trong ki thi Olympic Toan sinh
vién toan qudc. Ddi vdi sinh vién dat gidi trong ki thi cap toan qudc, bén canh nhitng
phan thudng ctia Ban t6 chitc ki thi thi Nha truong va Khoa cling ¢6 nhitng phan thudng
tuong ung vdi thanh tich dat dugce. Hon nira, k€ tir nam hoc 2013 - 2014, sinh vién cing
dugc mién thi mot mon hoc chuyén nganh & hoc ki d6 va nhan dugc diém sO phu thudc
thanh tich ctia cac em, cu thé ddi véi giai Nhat va giai Nhi duge 10 diém, giai Ba dugc
9,5 diém, gidi Khuyén khich duoc 9,0 diém, déi véi sinh vién khong dat giai dugce 8,0
diém [2]; con trong nhitng ndm trudc, sinh vién chi duge nhan muc diém tuong ing nhu
trén cho phan diém kiém tra thuong ki.

2.2 Thudn lgi va kho khan caa hoat dong Olympic Toan sinh
vién tai Truong Pai hoc Pong Thap

Hoat dong Olympic Toan sinh vién tai Truong DPai hoc Pong Théap c6 nhimng thuan
loi sau:

- Hoat dong Olympic Todn sinh vién ludn nhan dugc su quan tam chi dao sau sat cua
lanh dao Truong Dai hoc Df)ng Thap, lanh dao Khoa Su pham Toan - Tin. Cha truong
ctia Khoa khang dinh phong trao Olympic Toan sinh vién la mét trong nhitng hoat dong
trong tam cta Khoa.

- Truong Pai hoc Pong Thap ¢6 sb lugng sinh vién nganh Su pham Toan hoc véi
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khoéang 400 sinh vién. Pay 1a mot lyc lugng thi sinh dong do va ciing la ngudn luc 16n
cho viéc lya chon thanh lap doi tuyen Olymplc Toén sinh vién ctia Truong.

- Khoa Su pham Toan-Tin c6 nhiéu giang vién c6 kinh nghiém, nhiét tinh va tim huyét
trong cong tac Olympic Toan sinh vién.

Tuy nhién, hoat dong Olympic Toan sinh vién tai Truong Dai hoc Déng Thap cting co
nhiing kho khan sau:

- Trong nhitng ndm trudc day, chat lugng dau vao cta sinh vién Truong Pai hoc Pong
Thép chi dat muc trung binh so vdi toan quoc. Kién thic va tu duy toan hoc co ban cia
sinh vién c6 nhiéu han ché. Trong khi d6, dé thi Olympic Toan sinh vién doi héi kha nang
tu duy, suy luan cta thi sinh rat cao nén sinh vién gip nhiéu khé khan trong 6n tap va
tham gia Ky thi.

- Vi ndng luc todn hoc han ché nén mot bo phan khong nho sinh vién ¢6 tam li e ngai
véi tir “Olympic”; tir d6, sinh vién khong manh dan tham gia ki thi Olympic Toan sinh
vién cap truong.

- Viéc on tap va tham gia thi Olympic Toan sinh vién tén nhiéu thdi gian va cong
stic. Vi vdy, da s6 sinh vién nganh Toan hoc khong quan tdm dén hoat dong phong trao
Olympic Toan sinh vién ma chi quan tdm dén viéc hoc trén 16p.

- Ché d cho sinh vién va giang vién tham gia Olympic toan chua cao Trong nhiing
nam trudc day, muc thudng cho sinh vién dat giai trong ki thi cdp Trudng va toan qubc
chua cao. Do d6, chi nhiing sinh vién c6 su dam mé toan hoc thi maéi nhiét tinh tham gia
ki thi.

- Viéc tham gia 6n tap trong ddi tuyén Olympic tén nhiéu thdi gian va cong strc. Viéc
bdi dudng cho sinh vién trong khi tham gia 6n tap trong doi tuyén chua c6. Ché do cho
giang vién tham gia bdi dudng doi tuyén con khiém ton, trong khi d6, gidng vién phai
méat nhiéu thoi gian va cong stic cho viéc tim kiém tai liéu phu vuc cong tac boi dudng
doi tuyén.

3 Pinh huong phat trién hoat dong Olympic Toan
sinh vién tai Truong Pai hoc Pong Thap
Trén cd s& thuc trang, nhitng thuan lgi va han ché cta hoat déng Olympic Toan sinh

vién trong nhiing ndm vira qua, ching t6i dé xut mét s6 dinh huéng dé gop phan nang
cao chat lugng hoat déng Olympic Toan sinh vién Truong Dai hoc Dong Thap nhu sau.

3.1 Tiép tuc duy tri va ting cuong su quan tam, chi dao ctia Nha
truong va Khoa Su pham Toan - Tin doi véi hoat dong Olympic
Toan sinh vién

- Tiép tuc xac dinh hoat dong Olympic Toan sinh vién la mét trong nhiing hoat dong
trong tam ctia mo6i ndm hoc. Tir d6, cu thé héa hoat dong Olympic Toan sinh vién vao ké
hoach hoat dong hang nam cta Nha truong va Khoa Su pham Toén - Tin.

- Lanh dao Khoa Su pham Toan - Tin can thuong xuyén chi dao, kiém tra va dén déc
viéc thuc hién hoat dong Olympic Toan sinh vién.
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3.2 Nang cao s0 luong va chat luong sinh vién tham gia Olympic
Toan sinh vién

- Tang cudng phdi hop véi cac Khoa va bd phan c6 lién quan dé tuyén truyén muc
dich, y nghia va 1¢i ich ctia Ki thi Olympic Toan sinh vién dén tat ca cac sinh vién trong
Trudng Dai hoc Dong Thap.

- Khoa Su pham Toan - Tin can bat budc tit ca sinh vién nganh Su pham Toan hoc ¢6
thanh tich hoc tap kha trd 1én tham gia ki thi Olympic Toan sinh vién cap Truong. Khoa
va bd m6n can da dang héa cac hinh thic t3 chiic 6n tap, t6 chitc Ky thi dé thu hit nhiéu
sinh vién tham gia.

- Nhitng gidng vién tham gia cong tac Olympic Toan sinh vién nén dau tu nhiéu hon
nita cho viéc nghién ctru, tim kiém tai liéu phuc vu cong tac on tap. Tang cuong béo céo
chuyén dé lién quan dén Olympic Toan sinh vién.

3.3 C6 co ché xitng dang cho hoat dong Olympic Toan sinh vién

- C6 ché do bdi dudang cho sinh vién trong doi tuyén tham gia 6n tap tham du Ky
thi Olympic Toan sinh vién toan quéc. Bdi véi gidng vién tham gia boi duofng doi tuyén,
Nha trudng can c6 ché do bdi dudng xiing dang véi stic lao dong cta gidng vién nhu
ting don gia tiét day Olympic so véi tiét day binh thuong va tinh gi nghién ctru khoa
hoc. Tiép tuc duy tri va nang cao ché do khen thudng cho giang vién hudng dan va sinh
vién dat giai trong Ky thi Olympic Toan sinh vién toan quoc.

- D6i véi nhitng sinh vién ¢6 thanh tich cao trong ki thi toan qudc, Nha trudng can c6
nhitng uu tién nhu xét hoc bong, xét diém thudng trong diém reén luyén, wu tién trong
tuyén dung gidng vién,... Vi nhiing 16p sinh vién nam cudi chi yéu thuc tap (khong c6
hoc) nén bén canh viéc mién thi mét mén chuyén nganh Toan (gan mén tham gia thi
Olympic) trong cung hoc ki bat dau thuc hién nam 2013 - 2014, Nha truong va Khoa c6
thé cho sinh vién d&i diém déi v6i moét mon Toan ctia hoc ki bat ki trong chuong trinh
dao tao.

4 Kétluan

Hoat dong Olympic Toan sinh vién la mét trong nhitng hoat dong trong tdm goép
phan khang dinh thuong hiéu ctia Khoa va Nha truong. Chinh vi vay, can c6 nhiing dinh
hudng va giai phap dé nang cao chat lugng hoat dong nay. Véi nhitng giai phap duoc
trinh bay trong bai viét nay, chiing toi hi vong chat lugng cta sinh vién tham gia ki thi
cap Trudng cing nhu thanh tich ctia d6i tuyén Olympic Toan sinh vién trong nhiing nam
t6i dat két qua tot hon nira.

Tai liéu
[1] https://www.vms.org.vn/category/olympic-toan-sinh-vien

[2] Khoa Su pham Toan - Tin, Dé nghi s6 47/DN-SPTT ngay 05/11/2013 vé viéc
mién thi hoc phan déi véi sinh vién du thi Olympic Toan, Tin cap toan qudc.
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DINH LY PYTHAGORE VA MOT SO VAN DE LIEN QUAN

Tran Hung Thao

Vién Toan hoc

Tém tat noi dung

Bai viét gidi thiéu ngan gon vé Pythagoras, dinh ly va mot s6 van dé lién quan.

1 Vainét tiéu su

Py-ta-go (Pythagoras, 570-495 TCN) la mot nha triét hoc Hy Lap c6 dai, da c6 cong sang
lap hoc phai Pythagoras Nhung bai giang ctia 6ng vé chinh tri va ton gido da tiimg mot thud
rat co tiéng tam va da gay anh huong dén cac triét gia 16i lac nhu Platon, Aristote sau 1nay. Va
cling chinh qua nhitng vi nay ma anh huéng dén triét hoc phuong Tay néi chung. Ong chti
truong hoc thuyét vé “Suy luan hoi ctia linh hon". Theo d6, ong cho rang linh hon 1a thi bat
tr, sau khi chét di, sé nhap vao co thé khac. Vé khoa hoc, 6ng dé xuéng mot ly thuyét cho
rang cac hanh tinh di chuyén theo quy luét ctia cdc phuong trinh toan hoc va tao nén ban
nhac hoa tau ma ta khong thé nghe thay. Ngudi ta ciing cho rang chinh Py-ta-go va cac hoc
trd da phat trién bude dau ly thuyét s6 hoc va &m nhac (nhac ly).

Dudi day, ta sé dung cach viét tén Pythagore thay cho Py-ta-go hodc Pythagoras

2 Pinh ly Pythagore

Bai toan 1. Trong mdt tam gidc vudng, goi do dai ciia 2 canh goc vudng la a va b, do dai canh huyén
la c, thi ta c6 hé thitc a® + b* = 2.

Dinh ly nay da dugc biét dén tir lau trude thoi Pythagoras, nhung éng duoc coi 1a nguoi
dau tién néu ra chiing minh dinh 1y nay. Cach chiig minh ctia 6ng rat don gian, chi bang
cach sap xép lai hinh vé.

Dinh 1y nay c6 thé coi 1a dinh ly c6 nhiéu cach ching minh nhat. Trong cudn sach
The Pythagorean Proposition (Mike Staring - 1996) néu ra 370 cach ching minh cho dinh ly
Pythagore.

e B ba s6 Pythagore.

Mot bo ba s6 Pythagore 1a ba s6 nguyén duong (a, b, ¢) sao cho a? + b? = c2.

N6i cach khéc, b ba s6 Pythagore biéu dién do dai ctia cdc canh ctia mot tam gidc vudng
ma ca ba d6 dai nay 1a nhitng s6 nguyén duong.

11



Mot s6 chuyén dé Todn hoc chon loc ... , Cao Lanh, ngay 29/10/2023

Cac chiing ctt khdo 8 & mién bac chau Au cho thdy ngudi cd dai da biét dén nhiing bo
ba nay va c6 nhiing van ty ghi chép lai. Cac bo ba nay thuong dugc viét 1a (a, b, c). Mot s6
bo hay gap la (3,4,5) va (5,12,13).

Mot bd ba s6 Pythagore goi 1a bo ba s6 Pythagore nguyén thiy khi cac s6 (a, b, ¢) nguyén
t6 cting nhau (hay uéc s6 chung 16n nhéat cda (a, b, c) bang 1).

Dudi day liét ké cac bo ba s6 Pythagore nguyén thiy nhd hon 100 (16 bo s6):

(3,4,5), (5,12,13), (7,24,25), (8,15,17), (9,40,41), (11,60, 61),
(12,35,37), (13,84, 85), (16,63, 65), (20,21,29), (28,45,53),
(33,56,65), (36,77,85), (39,80, 89), (48,55,73), (65,72,97).

C6 mot cach tao ra bo ba sd Pythagore kha thti vi nhu sau: Ldy mot s6 nguyén duong 18,
binh phuong né Ién, dugc mot s6 nguyén duong 1€, chia s6 d6 thanh hai s6, mot s6 chan va
mot s6 1€, hon kém nhau nhau 1 don vi, thé 1a sé dugec mot bo ba s6 Pythagore.

Boivi (2n+1)%? = 4n? +4n + 1, chia thanh 2 s61a (2n? +2n) va (2n? +2n + 1). Thay
vao dinh ly Pythagore thi
(2n +1)2 4+ (2n® +2n)? = 4n* + 81> + 81> +1 = (2n? 4 2n + 1)?

Chéng han véin =3 tacébdba (3,4,5), véin =5 ta co bo ba (5,12,13),...
3 Dinh ly Pythagore trong Thong ké

Cho X va Y la 2 bién ngau nhién doc lap.

Ky hiéu o(X) la do léch chuén ctia bién ngau nhién X, ¢(Y) la d6 léch chuén cta bién
ngau nhién Y, 0(X + Y) la d¢ léch chuan cia X + Y, 0(X — Y) 1a d6 léch chuén ctia X — Y.

Khi d6 ta c6: a? + b> = %, véia = 0(X),b = o(Y),c = c(X + Y) hodc o (X — Y).

Tic 1a: 0?(X) + 0?(Y) = 0?(X + Y). D6 1a dinh 1y Pythagore trong Thong ké.

e Binh phuong cta d6 1éch chuan (titc 0?) goi la phuong sai.

Khi d6 Dinh ly Pythagore Thong ké phat biéu la: Phuong sai ctiia mot tong hai bién ngau
nhién doc 1p bang téng ctia cac phuong sai tirng bién.

Phuong sai cing ky hiéu la Var (bdi chit Variance).

Vay vdi hai bién ngdu nhién X va Y doc 1ap thi ta c6

Var(X+Y) = Var(X) + Var(Y)

Heé thuc trén c6 thé md rong nhu sau:
Cho X1, X», ..., X, 1a n bién ngdu nhién doc lap. Khi do6 ta c6

(X1 4 Xa+ -+ Xp) = 07(X1) + 2 (Xa) + - + 0 (Xa)

12
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hay la
Var(X1 4+ Xo + -+ - Xyy) = Var(Xy) + Var(Xp) 4+ - - - + Var(X,)

e Thi du . Mot tro choi cua cau lac bd sinh vién.
Mot cau lac bo sinh vién dat ra mot tro choi nhu sau vao méi toi thi bay cudi tuan:

MOdi nguoi choi tung 2 con xtic sac, dugc 2 con s6, chéng han 3,5 thi dugc mua moét cai
banh nudng véi gia 35.000 dong, ky hiéu tat 1a 35K (duong nhién gia banh nuéng cao nhat
chi 1a 66.000 dong tirc 66K va thap nhat 1a 11.000 dong tic 11K).

Ban Quan ly cau lac bd cho biét, qua thong ké thiy rang gia banh trung binh da thuc hién
la 47K v6i d6 léch tiéu chué{r} 1a 0, 15K. Mot sinh vién rpéi tuan mua banh mot lan véi gia xac
dinh bang cach gieo 2 xuc sac va mua lién trong 30 tuan lién tiep.
~ Hay tim xac suat dé cho anh ta phai chi tra qua s6 tién 1.500.000 dong cho viéc mua banh
ay. SO tién mua banh 1a mot s6 ngau nhién véi gia thit tuan theo phan phdi chuan.

Loi gidi.

- Dau tién tinh s6 tién phai trd tong cong la T = X1 + Xp + - - - + X3,

trong d6 X;(i = 1,2, - - ,30) la s6 tién ngdu nhién mua banh & tuan thi i.

- Rdi tinh t6ng s6 tién trung binh phai tra 1a

E(T) = E(X1) + E(X2) + -+ E(X30) =47 +47 +--- +47 = 1410K

- Roi ap dung dinh ly Pythagore trong Théng ké:

Var(Xy) + Var(Xp) + - - - + Var(Xs) = (0,15)2 4 (0,15)% + - - - 4 (0,15)* = 6, 750K
va 0(X;+ Xy + -+ X30) = 0,822.
Ma T 1a bién ngau nhién c6 phan phéi chuan la N(1410;0,822).

- Vay vo6i xdc suat ngudi sinh vién khong phai chi qua 1.500.000 dong cho 30 tuan mua
banh1a P(T > 1500K) = 1 — P(T < 1500K) = 1 — 0,87 = 0,13.

Vay véi xac suat khong 16n 1am, khoang 13%, ngudi sinh vién d6 méi phai chi phi qua
1.500.000 dong dé mua banh.

4 Tong cta cha cac binh phuong ctia hai bién ngiu nhién doc
1ap c6 phan phoi chuan

Gia st a = X; va b = X 1a 2 bién ngau nhién phan phbi chuan N(0,1) va doc 1ap.
Khi d6 tong a® + b? 1a mot bién ngau nhién ky hiéu x? (doc 1a Khi-binh phuong):
(X1)? + (X2)? = x*.
Phan phéi cta x? duge goi 1a phan phdi ctia Khi-binh phuong va ky hiéu 1a x2.
Ngudi ta lap ra mot bang cac gid tri ctia x? dé tra ciu.
Phan phdi Khi-binh phuong thudng dung dé kiém dinh tinh doc lap hodc phu thudc ctia
2 sy kién.
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Thi du: Phan ph01 Khi-binh phuong thuong duge dung dé klem dinh dinh su phu hop
(Goodness of fit) cia 1 tan s6 quan sat trén mau, so sanh véi tan s6 ly thuyét.

Thi du: Tan s6 ly thuyét (hay tan s6 mong dgi) sinh trai hodc gai 1a 50%. Quan sat mot
mau: SO tré em sinh tai khoa San trong 1 tuan 1& gom 110 tré trai va 90 tré gai (tan s6 quan
sat).

Nhu vay c6 thé két ludn hién nay c¢6 khuynh hudng sinh trai nhiéu hon gai?

Gia thuyét Hy: Tan s6 (TS) quan sat = Tan s6 (TS) ly thuyét
(TS quan sat - TS mong doi)?

TS mong doi
(110 — 100)? + (90 — 100)?
B 100

Xem bang phan phdi x? véi bac tu do DF = 1, v6i gia tri t6i han a = 0,05 thi la 3, 84.
Nhu thé § day x> = 2 < 3,84.

Vay ta chap nhan Hy tuc la c6 thé két luan réng truong hop nay thi: Sinh trai nhiéu hon gdi
la do tinh co vi su khdc biét chua c6 yj nghia thong ké.

Gia thuyét H,: C6 khac biét x? =

= 2.

5 Kétluan

Dinh ly Pythagore c6 nhiéu ting dung trong doi song. Gan day nhat, ngudi ta thay
n6 con ing dung trong nghién ctitu vé tai chinh, phan tich xu hudng phat trién ctia gia ching
khoéan trong mét so truong hop.

Vé con ngu(ﬂ Pythagore ong 1a mot nha triét hoc kiém khoa hoc ctia Hy Lap co dai, co
cong déng gép cho nén tang cua triét hoc & chau Au. Tuy éng chu truong cudc séng khd
hanh, nhung chung ta ciing c6 thé rut ra dugc tir 6ng nhitng tu tudng dao diic tot.

Ong da tung n6i: “Phdi chién diu chong lai ba diéu sau ddy: Bénh tt ciia co thé, Su ngu dot
ctia tri oc va Sy duc vong cua long nguoi”.

e TAI LIEU THAM KHAO

[1]. Trang Wikipedia vé Pythagoras.

[2]. Trang KHS AP Stats vé Pythagorean Theorem of Statistics.

[3]. Trang web https:/ /bvag.com.vn/wp-content/uploads/2013/01/k2 attachments
vé Phan phéi Khi-binh phuong.

[4]. M.S. Evans and ].S. Rosenthal, Probability and Statistics,(2004).
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THUAT TOAN DA THUC GIAI HE BAT
PHUONG TRINH TUYEN TINH & MO RONG

Tran Vi Thiéu

Vién Toan hoc

Tém tat noi dung

Bai viét gi6i thiéu van tat thuat toan Khachian - thuat todn da thirc dau tién giai hé
bat phuong trinh tuyén tinh, quy hoach tuyén tinh (q.h.t.t.). Tuy chua phai la thuét toan
tot nhét, song d6 la su kién 16n trong ly thuyét q.h.t.t. thé ky XX, md ra nhiéu nghién
ciru mdi, hiéu qua hon vé thuat toan da thuc. Trong bai néu mot s6 hinh vé minh hoa,
gitip hiéu r6 hon ndi dung trinh bay.

1 Hé bat phuong trinh tuyén tinh trong R"

e Xét hé m > 2 bat phuong trinh tuyén tinh 7 bién véi cac hé s6 nguyén:

anx1 + aizxz(-&—ij. c 7 }g]i,é'f{},z, e, ML (1)
bat szaxi,]-(|ai]-|,|bl-|).
Hé nhiéu: aj1xX1 + apXo + - -+ apxy, < bj+e€,i=1,2,...,m. ()
voi e =1/(6nC"n!).

/// D

& AX=b+E

Tiép theo néu cac b6 dé lam co s6 ly thuyét cho thuat toan Khachian (chiing minh c6
thé xem & tai liéu tham khao [2]).
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e B dé 1. Néu hé (1) c6 nghiém thi phéi c6 nghiém trong hinh cau tdam O ban kinh
nC"1y B8 dé 2. Hé (2) c6 nghiém khi va chi khi hé (1) ¢6 nghiém. h
2 Ky huat Elipsoit

e Cho Elipsoit E= {y € R":y =x + Qz, ||z|| < 1} v6i x € R" 1a tdm, Q vudng cap n. Ky
hiéu E = E(x, Q).

Elipsoit E = E(x. Q) goi la khong suy bién néu det Q # 0.
Bé day p(E) = min;—; ||Qz|| > 0 khi det Q # 0.
E=Ex, Q) = AE=(x, AQ) (A >1)
E = E(x, Q), E’ = E(X, Q"). Ta néi E’ 1a 6- xap xi E néu
- X[ +[|Q- Q| < 4.
e Bo dé 3 (Elipsoit xap xi boc c6 thé tich nhd):
Néu E’ 1a 6— xap xi ctia AE (1 < A < 2),
d < (A—1)p(E)
thi E” hoan toan chua E va vol E’< (2A — 1)"vol E. O
e V6i S € R", ta dinh nghia E5/, := EN {y: ST(y-x) < 0}.
Cau hoi: dung Elipsoit E’ = E(x/, Q") boc E /» sao cho vol E’ cang nhé cang t6t?

e B6 dé 4 (Elipsoit boc ban cau trén). Cho V = {y € R" : ||y|| < 1} (hinh cau don vi)
vaV/2 = {y € V:y; > 0} (ban cau trén). Khi d6 V/2 nam trong Elipsoit W
= E(x!, Qy) voi

e B6 dé 5 (Elipsoit sau boc nira Elipsoit trudc):
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E = E(x, Q) khong suy bién. Eg /, sinh béi E va R € R\ {0}.
Khi d6 Eg,, chira trong Elipsoit EX = E(xX, QF) voi
R _ QW — 0T R _ T
X —X—f—W(W—Q R), Q" = QFQF",
F la ma tran tryc giao cap 1 c6 cot dau la W/||W||.

Thé tich p(ER) > o (E). O

e B4 dé 6 (Gia thiét nhu & Bo dé 5):
a) ER/Z CERCE.
b) vol B < 21/ (1) 0] E, O

3 Thuat toan da thuac Khachian

e Xuét phat tir Eg - hinh cau tam x° = 0 ban kinh nC"n!
Budck =0, 1,2, ... Cé Elipsoit E, = E(xK, Qy).
a) 0;(x*) = < a’,xk > —b; < eVi = xFla nghiém ctia hé (1) : Dirng thuat toan.

Dat w* = Qua™, F; - ma tran truc giao, cot dau la w*/ ||wX||.

Tinh xap xi
A ok — (nflk—% Qi1 ~ (14 752) QB Qi (Fo) "

v6i do chinh xac 6 < p(Ey)/24n2. Chuyén sang budc k + 1. O

e Dinh ly (hoi tu sau thoi gian da thuo):

1. Néu hé (1) c6 nghiém thi thuat toin sé dirng & tinh hudng a).

2. Néu thuat toan khéng dirng sau 6n° x log, (6nC) budc thi hé (1) vé nghiém. O

e L.G. Khachian - GS todan hoc, nha khoa hoc mdy tinh, sinh ngay 3/5/1952 tai
Leningrad. Cha me 6ng la nguoi Armenia. Nam 1989 ong nhép cu vao Hoa Ky, lam viéc
va mat & doé ngay 29/4/2005. O
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4 Ap dung cho quy hoach tuyén tinh

e Bai toan Quy hoach tuyén tinh dang chuén:
max{c’x: Ax < b, x > 0}
(AeR"™" beR" ¢, xeR"

twong duong v6i Hé bat phuong trinh tuyén tinh:

( -<¢,x>+<b,y> < 0,
Ax < b,
- X < 0.
- ATY S —C,
{ -y < 0

Ap dung thuat toan Khachian cho hé bat phuong trinh tuyén tinh nay ta dugc thuat
toan da thirc giai bai toan quy hoach tuyén tinh. o

e Lich su thuat toan q.h.t.t. : Phuong phap nhan ti giai (tién than cua phuong phap don
hinh) L.V. Kantorovich (Nga, 1939) - phuong phap don hinh (thuat toan trung binh da thuc,
truong hop xau nhat 1a thuat todn ham mii) G.B. Dantzig (My, 1947) - thuat toan da thitc
dau tién L.G. Khachian (Nga, 1979) - thuat toan chiéu da thitc hiéu qua N. K. Karmarkar

(An do, 1984), ... O

5 Mot sé mé rong

Thuét toan da thire Khachian dugc mé rong cho hai bai toan ti wru sau day:
e Bai toan Quy hoach phan tuyén tinh:

. cI'x+e
mln{m :Ax=Db,x >0}

AcR™" beR" c,d xeR" cydy€R)
e Bai toan Quy hoach 16i toan phuong;:.
min{c'x + }xTQx: Ax=b, x > 0}
(A € R™" Q € R"*" % xac dinh duong, b € R, ¢, x € R")

e Bai toan chap nhan 16i (Convex feasibility problen):

Tim mét diém thudc giao ctia mot s6 (hiru han hay vo han) tap 164, dong cho trudc
trong mot khong gian nao do.

MBbi tap 16i thanh phan c6 thé la mot nira khéng gian déng (hé bat phuong trinh tuyén
tinh da xét) hoac dugc cho dudi dang an nhu la tap nghiém caa

a- bai toan tbi uu, b- bai toan bu tuyén tinh, phi tuyén,
c- bai toan diém bat dong, d- bai todn bat dang thiic bién phan,
e- bai toan can bé“mg, V.V ... O
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Tai liéu tham khao
[1] L.G. Khachian. Thuit toan da thic trong quy hoach tuyén tinh. Bao cio Vién Han
1am Khoa hoc Lién X6, 1979, 244, N°5, 1093 - 1096 (tiéng Nga).

[2] H. Tuy, T. V. Thiéu. Thuat toan Khachian giai quy hoach tuyén tinh trong thoi gian
da thuec. Tap chi Toan hoc, tap X, so 1 (3-1982), 1 - 8. g

Leonid Genrikhovich Khachian (1952 - 2005). ]
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TANG CUONG HOAT PONG TIENG ANH CHUYEN
NGANH TOAN TAI TRUONG PAI HOC PONG THAP

Nguyén Van Ding *

Tém tat ndi dung

Trong bai viét nay, chiing tdi trinh bay tém tat mot s6 thuc trang vé gidng day Toan
bang tiéng Anh va mot s6 dic diém ctia tiéng Anh chuyén nganh Toan. Trén co s& do,
chung toi dé xuat mot sbd giai phap tang cuong hoat dong lién quan tiéng Anh chuyén
nganh Toan tai Truong Pai hoc Dong Théap

1 Thuc trang giang day tiéng Anh chuyén
nganh Toan

Viéc day hoc bang Tiéng Anh & cac nuée hodc viung lanh thé ma ngdn ngir dau tién
ctia da s6 ngudi dan khong phai la Tiéng Anh xuat hién dau tién & Chau Au tur thap
nién 60 ctia thé ki XX, sau d6, phat trién nhanh trong nhitng nam 1995 - 2005 khong chi
& Chau Au, Chau Mi ma con & Chau Phi va Chau A. Ban dau, viée day hoc tiéng Anh
§ cac nudc dugce t6 chic nhu mot ngoai ngt, vé sau nhiéu qudc gia da coi tiéng Anh
nhu 1a mot ngdn ngl thit hai va dugc t6 chitc ngay tir khi hoc sinh dén truong hoc. Viéc
nay dan dén hang loat cac quéc gia c6 xu hudng day hoc bang Tiéng Anh cdc mén trong
chuong trinh gido duc & cac nudc hodc ving lanh thé ma ngon ngir dau tién cda da sd
nguoi dan khong phai la Tiéng Anh. Nhu vay, viéc day hoc moén Toan va cac mén khoa
hoc khéac bang Tiéng Anh 1a xu huéng dugc nhiéu quéc gia trén thé giéi ma Tiéng Anh
khong la ngon ngit dau tién dac biét quan tdm bdi tinh ngay cang phd bién va quan trong
ctia Tiéng Anh.

Déi véi Viet Nam, viéc t6 chire day hoc mén Toan va mot s6 mon khoa hoc khéc béng
Tiéng Anh sé tao ra mot luc ddy quan trong cho hoc sinh hoc tap nang cao trinh do ngoai
ngt, trang bi kién thitc khoa hoc bang mét ngon ngtt phé bién trén thé gidi, md ra cho
thé hé hoc sinh Viét Nam canh ctra hi nhap quc té vé gido duc va khoa hoc cong nghé.
Do d6, trong nhitng ndm gan day, Dang va Nha nudc rat quan tam viéc day va hoc ngoai
ngi trong hé thong gido duc qubc dan. Nghi quyét s6 29 NQ/TW ngay 04/11/2013 cua
Hoi nghi Trung wong 8 ctia Dang Cong san Viét Nam khoéa XI vé ddi mdi can ban, toan
dién gido duc va tao dao da néu ro: “Chu dong, tich cuc hoi nhap qué)c té dé phat trién
gido duc va dao tao, dong thoi gido duc va dao tao phai dap ing yéu cau hoi nhap quéc
té dé phat trién dat nudc”.

*Truong Pai hoc Pong Thap
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Quyét dinh s6 1400/ QD-TTG ngay 30/09/2008 ctia Thi tuéng Chinh pht vé viéc phé
duyeét Pé an day va hoc ngoai ngtr trong hé théng gido duc qu6c dan giai doan 2008 -
2020 da xac dinh: “Xay dung va trién khai cac chuong trinh day va hoc bang ngoai ngir
cho mot s6 mon nhu: Toan va mét s6 mén phit hgp & cac trudng trung hoc phé thong”.
Quyét dinh s6 2080/QD-TTG ngay 22/12/2017 cta Tht tuéng Chinh phu vé viéc phé
duyét diéu chinh, b sung Dé an day va hoc ngoai ngit trong hé thong gido duc qudc dan
giai doan 2017 - 2025 da chi r6 “Ting budc trién khai day hoc tich hgp ngoai ngtr trong
mot s6 mon hoc khéc (nhu Toan va cac moén khoa hoc tu nhién, mén chuyén nganh) béng
ngoai ngt”. Coéng van s6 955/BGDDT-DANN ngay 11/3/2021ctia B6 Gido duc va Dao
tao vé viéc huéng dan nhiém vy trong tim nam 2022 ctia Pé 4n ngoai ngir qudc gia va
dé xuat Ké hoach trién khai tai don vi da xac dinh: “Déi véi chuong trinh gido duc phd
thong, viéc day tich hgp ngoai ngit trong mot s6 mon hoc khac, day mét s6 mén hoc
khac (nhu Toan va cac mon khoa hoc) bang ngoai ngtr thi trién khai thuc nghiém/thi
diém chuong trinh tai nhitng co s& gido duc c6 nhu cau va du diéu kién”.

Dé cu thé hoa cac chu truong, chinh sach ctia Pang va Nha nudc vé viéc day hoc Toan
va cdc mé6n khoa hoc khac bang Tiéng Anh, cac dia phuong da c6 nhitng chuong trinh, ké
hoach cu thé dé thuc hién cong tac nay. Nhiéu cudc thi uy tin lién quan dén Toan Tiéng
Anh nhu Violympic Toan Tiéng Anh, Olymplc Toan Tiéng Anh SEAMO,... da dugc t6
chttc trén pham vi khu vyc, toan quéc va quéc té. Cac cuoc thi nay giup hoc sinh lam
quen vai Toan Tleng Anbh, thi stic, trau ddi va hoc héi thém nhiéu kién thic cung nhu ky
nang toan hoc; gép phan lam cho viéc day hoc Toan bang Tiéng Anh trd nén soi ndi va
chét lugng hon. Déng thdi, thong qua cac cudc thi, cac cAp quan ly ciing danh gid nang
luc Toan Tiéng Anh dat dugce ctia hoc sinh & cac cap do khac nhau; phat hién va khuyén
khich céc tai nang tré phat trién; déng gép cho nén gido duc ctia qudc gia.

Tai tinh Déng Thap, Uy Ban nhan dan Tinh da ban hanh Ké hoach s6 40/KH-UBND
ngay 26/02/2019 vé thuc hién Dé an day va hoc ngoai ngtt trong hé théng gido duc qu6c
dan trén dia ban tinh Dong Thép giai doan 2019 - 2025. Ké hoach da xac dinh: Trién khai
chuong trinh day hoc moét s6 mon khoa hoc béng tiéng Anh (Toan, Vat Ly, Hoa hoc, Sinh
hoc) & 02 truong THPT Chuyén Nguyén Dinh Chiéu va THPT Chuyén Nguyén Quang
Diéu trong ndm hoc 2018 - 2019 va md rong cac don vi c6 da diéu kién thuyc hién trong
cac nam tiép theo.

Tuy nhién, viéc trién khai day hoc Toan béng Tiéng Anh chua that sy hiéu qud, chua
tao dugc phong trao day hoc Toan béng Tiéng Anh s6i néi trong cac co s& gido duc trén
dia ban tinh Dong Thap. Cé nhiéu nguyén nhan ctia tinh trang nay, c6 thé ké dén la nang
luc cta gido vién Toan chua dap ting duge yéu cau day Toan bang Tiéng Anh; gido vién
chua dugc tap huén, bdi dudng viéc day Toan bang Tiéng Anh; ngudn tai liéu cho hoat
dong day hoc Toan bang Tiéng Anh chua pht hop véi thyc tién dia phuong; nang luc
Tiéng Anh ctia hoc sinh chua dap tng dugc yéu cau hoc Todn bang Tiéng Anh, co sd vat
chat chua ddm bao viéc hoc Toan bang Tiéng Anh, ...

2 Mot so dic diém ctia tiéng Anh chuyén nganh Toan

2.1 Tiéng Anh chuyén nganh Toan khéng qua phiic tap

Tiéng Anh chuyén nganh Toan la mot ndi dung cta tiéng Anh. Nhitng ndi dung nhu
phét &m, quy tac ngi phap, thi, dong tir, cau héi trong toan hoc, ... cling tuong tu trong
tiéng Anh tong quat.
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Dac biét, vi ndi dung toan hoc la chan li nén thi hién tai don thuong dugc st dung
trong bai viét toan hoc va dong tur sO it thuong duoc st dung trong cac cong thirc toan
hoc. Chéng han

1+ 1 = 2 dugc doc 1a one plus one equals two.

Tiéng Anh tong quat rat da dang vé tir vung. Tuy nhién, véi mic do gidng day trong
chuong trinh phé thong, khong c6 qua nhiéu tir va cum tir tiéng Anh chuyén nganh Toén.
Hon nira, trong khi tir vung tiéng Anh t6ng quat 1a da nghia, phu thudc vao ngit canh va
tinh huéng st dung thi hau nhu tat ca cac tir tiéng Anh trong toan hoc chi c6 mot nghia
tiéng Viét.

Nguoc lai v6i tir ving tiéng Anh chuyén nganh, hau hét tir vung déu c6 mot nghia
toan hoc duy nhat, moi cong thurc toan hoc lai c6 nhiéu cach doc khac nhau. Piéu nay tao
su linh hoat cho nguoi st dung khi dién dat. Vi du

1+1=2c6thé docla:

one plus one equals two

one plus one equal to two

one and one is two

one adds one which is two

the sum of one and one is two

the quantity of one plus one is two.

Véi muc dich va dung tiéng Anh dé day hoc Toan véi muc tiéu la muc tiéu Toan hoc
va dac diém cta van ban Toan hoc 1a ngan gon va stic tich nén dé st dung tiéng Anh
trong day hoc toan thi quy tac KISS : Keep it short and simple (Ngan gon va don gian)
thuong dugc st dung. Diéu nay ciling gidm bét sy phiic tap ctia Toan bang tiéng Anh.

2.2 C6 nhiéu thuin loi cho day hoc tiéng Anh chuyén
nganh Toan

Hién tai, bd sach toan song ngtr [3]: Sach gidao khoa toan song ngtt Viét - Anh 16p 3
dén 16p 12, Nha xuat ban Gido duc, 2015 1a mot tai liéu tham khao thuéan lgi cho nguoi
hoc biét nghia tiéng Viét va dich tir tiéng Viét sang tiéng Anh ddi véi cac noi dung toan
phd thong. BO sach song ngit nay ciing la mot tai liéu du tot cho viée viét cac van ban
Toan bang tiéng Anh trong chuong trinh phé thong.

Déi v6i viéc day hoc Toan bang tiéng Anh, ciing c6 nhitng tai liéu tap huan kha b
ich, nhiéu dgt tap hudn duoc t6 chic. Nguoi day c6 thé tham khdo nhiing kinh nghiém
day hoc Toan bf?mg tiéng Anh tu déng nghiép dé hé trg cho cong viéc ctia ban than [2].

Déi véi viéc doc cac cong thirc Toan bang tiéng Anh, c6 nhirng tai liéu hudng dan chi
tiét, chzfmg han tai liéu tham khao [1] va cac tai liéu tuong tu. Trong tai liéu [1], cac tac
gia da huéng dan chi tiét cach doc tir cac bang chi cai, cac ki hiéu co ban, cong thic dai
50, cong thuc giai tich, cac biéu thirc hyperbolic va b1eu thuc lugng glac cac cong thuc
1i thuyét tap hop va logic, cac cong thirc hinh hoc so cap va hinh hoc gidi tich, cac cong
thitc toan tai chinh va thong ké, cac cong thirc giai tich, cac cong thirc dai sb tuyén tinh,
cac cong thire trong nhirng khong gian triru tugng va topo, cac dd thi va biéu do. Nguoi
hoc co ban c6 thé tur hoc cach doc ctia hau hét cac cong thirc trong tai liéu nay.

Dic biét, trong thoi dai bung nd cta cong nghé nhu hién nay, khong chi tiéng Anh
chuyén nganh Toan ma tat ca déu dugc sy hd trg tuyét ddi cia cong nghé. Chuing ta c6
thé va nhat thiét phai st dung Internet, YouTube, Google, va v6 s6 ing dung khéc trong
hé trg viéc day hoc tiéng Anh.
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Vi dy, muén duge hoc tiéng Anh véi ngudi ban ngit, ngusi hoc c6 thé 1én YouTube
tim kiém mot series hoc tiéng Anh mién phi, trong d6 c6 tiéng Anh cho Toan.

Mudn doc mét cong thirc Todn bang tiéng Anh, ngudi hoc c6 thé hdi Google, Chat
GPT.

Mudn thyc hanh day hoc Todn bang tiéng Anh, ngudi hoc c6 thé theo doi mot bai
giang tuong tu trén cac kho di liéu bai gidng truc tuyén hodc trén YouTube,...

Mubn luyén tap nang cao ki nang nghe noéi tiéng Anh theo kiéu vira hoc vira choi,
ngudi hoc c6 thé sir dung cac app nhu Duolingo, Monkey Junior, ...

Dé tham khdo cac noi dung Toan tiéng Anh & phd thong, ngudi hoc c6 thé tham khao
Wikipedia.

3 Mot s6 bién phap ting cuong hoat dong tiéng Anh
chuyén nganh Toan tai Truong Dai hoc Dong Thap

D€ nang tang cuong hoat dong tiéng Anh chuyén nganh Toan tai Truong Pai hoc
Dong Thép, ching t6i dé xuat mot s6 bién phap sau day.

1. Khéng ngirng cai tién cach t6 chirc day va hoc cac hoc phan tiéng Anh chuyén
nganh Toan trong chuong trinh dao tao Su pham Toan hoc noéi chung va chuyén
nganh Toan tiéng Anh néi riéng.

Tai Truong Dai hoc Déng Thap, moén hoc Ngoai ngir chuyén nganh / Tiéng Anh
chuyén nganh Toan dugc dua vao giang day cho sinh vién nganh Su pham Todn
hoc tir ndm 2010 v6i muc tiéu sinh vién c6 nang luc tiéng Anh trinh bay bf?mg van
ban va bang 15i nhitng ndi dung co ban ctia chuong trinh toan phé thong nhu dinh
nghia, tinh chat va loi giai.

Tir nam hoc 2023 - 2024, chuyén nganh Su pham Toan tiéng Anh dugc thuc hién tai
Truong Pai hoc Dong Thap véi muc tiéu dao tao sinh vién Su pham Toan hoc ¢6
kha nang giang day toan bang tiéng Anh & trudng phd thong sau khi t6t nghiép. Cu
thé, t6 chitc dao tao nganh Su pham Toan hoc chuyén nganh Toan tiéng Anh vdi toi
thi€u 25% s6 tin chi cac hoc phan ctia nganh duge day bang ngoai ngl (song ngi
Anh - Viét hodc 100% bang tiéng Anh).

Bén canh 601 ngu giang Vlen cta Khoa, chuong trinh sé ¢6 su tham gia giang day
cia mot s6 glang vién quéc té theo hinh thitc day hoc tryc tiép, online hodc cac
chuyén dé ngan han.

2. Tang cudng hoat dong trao déi giang vién va sinh vién qudc té.

Trong thoi gian qua, Khoa Su pham Toan — Tin da thuc hién nhiéu hoat dong trao
déi gidng vién va sinh vién qudc té dén lam viéc tai Khoa cting nhu di lam viéc &
mot s6 truong dai hoc trong khu vuec.

Mot trong nhing chuong trinh d6 1a chuong trinh SEA Teacher ctia T6 chic Bo
trudng Bo Gido duc cac nuéc Bong Nam A (SEAMEO) tao co hdi cho sinh vién Su
pham thudc cac truong dai hoc 6 Pong Nam A c¢6 kinh nghiém giang day thuc té
tai cac truong dai hoc thudc cac quéc gia khac nhau.

Muc tiéu ctia chuong trinh la phat trién ky nang giang day va nghiép vu su pham;
khuyén khich thyc hanh Tiéng Anh trong day hoc; m& rong tim nhin vé khu vyc va
thé gidi; gidi quyét cac tinh hudng, co hoi trong day hoc véi cac nén van héa khac.
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Sinh vién cta Khoa da tham gia chuong trinh thuc tap su pham SEA teacher & cac
nudc trong khu vuc nhu Thai Lan, Indonesia va Philippines va Khoa ciing da don
cac ban sinh vién tir Indonesia va Philippines dén thuc tap su pham duéi sy hudéng
dan cua giang vién cua Khoa.

3. Tang cuong két ndi véi cac truong phd thong, nhét 1a trudong chuyén va trudng c6
chuong trinh day Toan bang tiéng Anh trong dia ban Pong Thap dé t chirc cac
hoat dong lién quan dén tiéng Anh chuyén nganh Toan.

Tai liéu
[1] Larry A. Chang, C. M. White, and L. Abrahamson, Handbook for spoken mathematics,
Livermore, CA: Lawrence Livermore National Laboratory, 1983.

[2] Bo Gido duc va Pao tao, Tai ligu tdp hudn gidng day mon Todn bing tiéng Anh, Ha Noi,
2013.

[3] Nhiéu tac gia, B sdch song ngit todn Vigt-Anh I6p 3 dén I6p 12, Nha xuét ban gido duc,
2015.
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TONG QUAT HOA MOT SO BAI THI OLYMPIC TOAN SINH VIEN

Phan Quang Huy - T07*
Vii Tién Viét - TO1?
Khéng Chi Nguyén - TTU#

Tém tat noi dung
Trong céac ky thi Olympic Toan sinh vién, ludn c6 cac bai todn vé tich phan.
La nhiing ngudi tham gia 6n luyén, dan doan sinh vién ctia mét s6 truong tham dy
cac ky thi, ching t6i xin t6ng quat héa mot s6 bai toan thudc ch dé trén.

1. Bai toan 1. Cho ham f(x) xac dinh va kha vi trén doan [0, 1], v6i f(1) = 0 va théa man
1
/ x?f(x)dx = 1. Chiing minh rang
0

/01 [f’(x)rdx > 63

Bai toan tong quat. Cho ham f(x) xac dinh va kha vi trén doan [0,1], v6i f(1) = 0 va
1
thoa man / x"f(x)dx = 1 véin > 11a sd nguyén duong. Chiing minh rang
0
1 2
| [F ] dx= @n+3)(n+1)2
0

Loi gidi. St dung tich phan tirng phan ta c6

1 " n+1 n+1 / 1 xn+1 ,
1—/0 x"f(x)dx = n+1 ‘ —/O — (x)dx_—/O f(x)dx

Theo bat dang thitc Cauchy-Schwarz vé tich phan ta c6

1 n—|—1 2n+2 1
1= [/0 n+1 dx]z /0 n—|—1) d /0 [f/(x)rdx

1
- (2n+3 )(n+1)2 /0

*Pai hoc Ky thuat Hau can CAND
tHoc vién An ninh nhan dan
tPai hoc Tan Trao, Tuyén Quang
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Suy ra

/01 [f’(x)]zdx > (2n+43)(n+1)?

1
. Bai toan 2. Cho ham f(x) xac dinh va lién tuc trén doan [0, 1], théa man / f(x)dx =0.
N N O
Chung minh rang ton tai ¢ € (0,1) sao cho

24(@) = [ xf )

Bai toan tong quat. Cho ham f(x) xac dinh va lién tuc trén doan [0,1], théa man
1

/ f(x)dx = 0. Ching minh rang v&i mdi s6 ty nhién n > 1 ton tai ¢ € (0,1) sao
0

cho

@) = [ f(ax

Loi gidi. Xét ham

(1) = 0 khi t=0
s = tlnfotx”f(x)dx khi 0<t<1
Ta thay
. 1 P ()
lim g(f) = lim — / f(x)dx =
tg(%g( ) t—1>%1+ t" Jo x'f () xl’H()pital t—0+ ntt—1
. tf(b)
= lim ——= =0 = ¢(0),
lim =5 =0=50)

nhu vay g(t) lién tuc trén [0, 1].
Ro rang ¢() kha vi trong (0,1) va
2UF(E) — =1 [ f(x)dx
g0 - -
PELF(E) — [y 2" f(x)dx

tn+1

Ta sé chiing t6 ton tai a € (0,1] dé g(a) = 0.

That vay, gia st ngugc lai g(t) # 0,Vt € (0,1]. Khong mat tong quat c6 thé coi g(t) >
0,vt € (0,1]).

Dat F(t) = /0 " f(x)dx, € (0,1] 1a ham kha vi, F'(£) = £(¢).
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Véit e (0,1] ta c6

g(t) = tln/ot x"f(x)dx = tln[x”F(x)] ;— tln/ot nx"1F(x)dx
= F() o /Ot nx"F(x)dx == E(t) — G(b),

¢

trong d6 G(t) = tl”/ nx""1F(x)dx.
0

Ta thdy G(t) kha vi trong (0,1] va

nt?" VR (t) — nt" 1 [ nx"1F(x)dx
t2n
n—1 .
_ "B —G()] _mg(t)
n t
Do vay G(t) don diéu tang trén [0,1], nén G(1) > G(0) = 0.
1
Mat khéc F(1) :/ f(x)dx = 0nén g(1) = F(1) — G(1) = —~G(1) < 0, mau thuin
0
véi gia thiét ¢(t) > 0,Vt € (0,1].

Vay phai ton tai a € (0,1] d€ ¢(a) = 0. Dung dinh Iy Rolle cho g(t) thi ton tai & €
(0,a) C (0,1) sao cho

G'(t) =

n+1 X"
0=¢'(¢) = ) ;;{0 flx

Dan t6i diéu can ching minh la
+1 ¢
@) =n [ f(x)d
0

. Bai toan 3. Cho ham f : [0,1] — R kha vi lién tuc va théa man f’(0) = 0, dong thai

/01 f(x)dx = /01 xf(x)dx.

Chirng minh ton tai ¢ € (0,1) sao cho / xf(x / fl(x

Bai toan tong quat: Cho ham f : [0,1] — R kha vi lién tuc dén cap k — 1, véi k € IN va
théa man f*~1)(0) = 0, dong thoi

/Olf(x)dx = /01 xf(x)dx

Chitng minh ton tai ¢ € (0,1) dé

/chf(x)dx = klj—:l /ch(x)dx.

27




Mot s6 chuyén dé Todn hoc chon loc ... , Cao Lanh, ngay 29/10/2023

Loi gidi. Xét ham
0, khit =0

, khio<t<1

Str dung quy tac L"Hopital ta thay

t t

t [ f(x)dx — [ xf(x)dx bftf(x)dx
(

0

. 0 T
Hms(t) = finy e = k)
Ctim SO A0
S G e T I e k(= 1021
_ F*1(0) 0
= k=121 2~ &)

Vay ¢(t) lién tuc trén [0, 1] va ro rang ¢(0) = g(1) = 0.
Mat khac g(t) kha vi trong (0,1) va

B4 [ Fx)dx — (k41 tk[tff dx—fxf(x)dx]
0

g'(t) = - f2(k+1)
(k+1) Oftxf(x)dx — ktgtf(x)dx
- th+2

Theo dinh ly Rolle ton tai c € (0,1) sao cho ¢’(c) = 0.

Suy ra ton tai c € (0,1) dé
C
[ xpete= 25 [

1 1
. Bai toan 4. Cho ham f : [0,1] — R lién tuc théa man / f(x)dx = / xf(x)dx
0 0

o
1) Chitng minh rang ton tai diém a € (0,1) sao cho / f(x)dx = 0.
0

Tir d6 suy ra véi mdi s6 a € R ton tai diém ¢ € (0,1) sao cho
c
fle)=a [ fxdx
2) Chiing minh rang vi méi s6 a € R ton tai diém ¢ € (0,1) sao cho

c)—i—a/ocf(x)dx:
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Loi gidi. 1) Xét ham g(t) = t/tf(x)dx—/t xf(x)dx, t € [0,1].

Ta 6 ¢(0) = g(1) = 0va g'(¢ /f

Theo dinh ly Rolle ton tai « € (0,1) sao cho ¢’(a) = 0, hay /Oaf(x)dx =
Lai xét ham h(t) = e~ / Fx)dx, t € [0,1].

Ta 6 h(0) = h(a) = 0va (1) = e [ (t) — a /Otf(x)dx]

Cc
Theo dinh ly Rolle 3¢ € (0,&) C (0,1) sao cho I'(c) = 0, hay f(c) = a/ f(x)dx
0

e Chon 4 thich hgp sé duoc cac bai thi Olympic.
Chang han véi a = 2018 la bai thi OLP-2018 (bang B) tai Quang Binh.

2) Xét ham F(x / F(Hdt,x € [0,1]. Tacé F(0) =0, F'(x) = f(x) va

:/1fxdx:/le(x):/ole’(x)dx
‘ _/ x)dx = F ()—/OlF(x)dx.

1
Do d6 / F(x)dx =0 (%).
0
Ham F(x) lién tuc trén [0,1]. Ta nhan thdy rang néu F(x) > 0,Vx € (0,1) thi
1 1
/ F(x)dx > 0, néu F(x) < 0,Vx € (0,1) thi/ F(x)dx < 0, déu trdi véi ().
0 0

Vay phai ton tai b € (0,1) dé F(b) = 0.
Lai xét ham g¢(x) = x"F(x). Tacé ¢'(x) = ax*'F(x) + x"f(x), g(0) = g(b) = 0.
Theo dinh ly Rolle ton tai c € (0,b) C (0,1) sao ¢’(c) = 0. Tix d6

c c
ac”_l/ f(x)dx+c"f(c)=0  hay  cf(c)+ a/ f(x)dx =
0 0
e Chon a thich hgp sé duogc cac bai thi Olympic.

1 1
. Bai toan 5. Cho ham f : [0,1] — R kha vi théa man / F(x)dx = / xf(x)dx
0 0

Chiing minh rang v6i méi s6 a € R t6n tai diém ¢ € (0,1) sao cho

'(¢) /ch(x)dx
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t
Loi gidi, Xét ham g(t) = e~/ /0 F(x)dx, t € [0,1].

L2
Theo bai toan 4 ton tai a € (0,1) dé/ f(x)dx =0.Taco g(0) = g(a) =0va
0

t
g0 = O [f(t) —af'(t) | flx)dx].
0
Theo dinh Iy Rolle ton tai ¢ € (0,4) C (0,1) sao cho ¢’(c) = 0.

Cc
Do dé f(c) =af'(c) / f(x)dx
0
e Chon 4 thich hgp sé duoc cac bai thi Olympic.
Chéng han v6i a = 2018 1a bai thi OLP-2018 (bang A) tai Quang Binh.

1 1
. Bai toan 6. Cho ham f : [0,1] — R kha vi thda man / f(x)dx = / xf(x)dx = k.
0 0
Chiing minh rang ton tai diém ¢ € (0,1) sao cho f’(c) = 6k.
1
Loi gidi. Xét ham g(x) = 6kx — 2k. Dé dang thay / x)dx = / xg(x)dx = k.

Suy ra /01 [f(x) —g(x)]dx = 0. Ham h(x) = f(x) — g(x) lién tuc trén [0, 1] va cd tich

1
phéan / h(x)dx = 0, nén khong thé xdy ra truong hop h(x) > 0,Vx € (0,1) hodc
0

truong hop h(x) < 0,Vx € (0,1).

Nhu thé phuong trinh /(x) = 0 phai c6 it nhat mét nghiém trong (0, 1).
Gia st rang h(x) = 0 chi c6 mot nghiém x = a € (0,1).

Xay ra hai kha nang sau:

+) Néu h(x) < 0,Vx € (0,a), thi h(x) >0,Vx € (a,1). Khi do

/lef(x)dx—k:/1xf(x)dx—/1xg(x)dx
—/ x[f(x) ]dx-/lxh(x)dx
:/ xhxdx+/ xh(x)dx

/Oah dx+/ ah(x
_ / dx+/ /Olh(x)dx:O.

1
Suy ra / xf(x)dx > k, mau thuan vdi gia thiét caa de bai!
0
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+)Néu h(x) > 0,Vx € (0,a), thi h(x) <0,Vx € (a,1). Khi dé6
/01 xf(x)dx —k = /1 xf(x)dx — /1 xg(x)dx

—/ x[f(x ]dx—/lxh(x)dx
:/ xhxdx+/ xh(x)dx
/Oah dx—I—/ ah(x
= / dx+/ /Olh(x)dx:O.

1
Suy ra / xf(x)dx < k, mau thuan vdi gia thiét caa de bai!
0

Vay h(x) = 0 phai c6 it nhat hai nghiém trong (0, 1).
Gia st hai nghiém d61a a,b € (0,1) vaa < b.
Ta c6 h(a) = h(b) = 0,nén f(b) — f(a) = g(b) — g(a). Theo dinh ly Lagrange ton tai
€ (a,b) C (0,1) sao cho
e SO @) g =g

b—a b—a

e Chon k thich hop sé dugc cac bai thi Olympic.
Chang han véi k = 1 1a bai thi OLP-2010 tai Hué.

1 1
. Bai toan 7. Cho ham f : [0,1] — R khé tich véi /0 F(x)dx = /O xf(x)dx = k.
Chtng minh rang /01 [f (x)]?dx > 4k2.
Loi gidi. Xét ham g(x) = 6kx — 2k. Ta 6 /0 "[F(x) — g(x)]2dx > 0. Mt khdc
17~ gGPax = [ [P -2 [ feogaax + [ lsx)Px
1 1
_ /0 F(x)]2dx — 2 /O F(x)(6kx — 26)dx + /0 (6kx — 2K)2dx
B 1 5 1 1
_/0 [F(x)] dx—le/O xf(x)dx+4k/0 F(x)dx

1
+ / (36k2x2dx — 24K2x + 4K2)dx
0
1
- / [F (x))2dx — 4K2.
0
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1
Nhu thé / [F(x)2dx > 4K2.
0
e Chon k thich hgp sé dugc cac bai thi Olympic.
Chang han véi k = 1 1a bai thi OLP-2004 ctia Kiev.
8. Bai toan 8. Cho f(x),¢(x) 1a cdc ham duong, lién tuc trén [a, b] va cho sb thuc k.
Chting minh rang ton tai ¢ € (a,b) sao cho

o gl _,
facf(x)dx fcbg(x)dx

Loi gidi. Xét h(x) = / £t / £)dt, x € [a,b]. Ta 6 h(a) = h(b) = 0 va

W (x) = —ke / " F(t)dt / Byt + e F f () / " o(t)dt — e Fg(x) / " F(h)dt

= [k [ pwan [ st ) [ sae g0 [ pwa]

Str dung dinh ly Rolle thi ton tai ¢ € (a,b) dé 1/ (c) = 0.
Chu y e, f(x), g(x) 1a cdc ham duong, ta suy ra ton tai c € (a,b) dé

k/:f(t)dt/c Ddt — f c)/ fdt + g(c /f

_ fle sl floo sl _,
i f®ydx [Pe(tydx” [; f)dx [P g(x)dx

hay 1a

e Chon k thich hgp sé dugc cdc bai thi Olympic.
9. Bai toan 9. Ching minh véi méi s6 7 ty nhién ton tai s6 thuc x € (0,1) sao cho

1 I xn—|—1
/x (1T4+8)(1+£2)...(1+ t”+1)dt - (14 x)(1+ x2)...(1 4 x+1)

Loi gidi. Xét cac ham s6
ti’l
(1+£)(1+#2)...(1 + tn+1)’

¥) = x/xlf(t)dt, x € [0,1].

f(t) = te[0,1],
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Ta c6 F(0) = F(1) = 0vado f(t) lién tuc trén [0, 1] nén F(x) kha vi trong (0, 1). Theo
dinh ly Rolle ton tai x € (0,1) dé F/(x) = 0. Thé ma

P = [ foi - xf

th xn+1

:/X AT 00100+ ™ Ar0A+ ) (1 F o)

Vay c6 diéu phai chiing minh.
e Chon 7 thich hgp sé duoc cac bai thi Olympic.
Chzfmg han v6i n = 2000 1a bai thi OLP-2001 tai Dai hoc Ngoai thuong.
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10. Bai toan 10. Cho f : [0,1] — R™ 1a ham duong va lién tuc.
Chiing minh rang v6i méi n € IN ton tai 0(n) sao cho
6(n)
/ f(x)dx = A f(x)dx + f(x)dx.

Tinh lim [n6(n)]?
n—o0
Loi gidi. Vi x € [0,1] ta xét ham

/f Jat+ | f()

Tac6 g(0) =0, g(1) = 2/ f(t)dt > 0va g(x) 1a ham lién tuc.
0
Theo dinh ly gid tri trung gian (dinh ly Darboux) véi moi n € N ta ¢6

1 1
0< %/ f(x)dx < 2/ f(t)dt, nén phai ton tai 6(n) € (0,1) sao cho
0 0

1 1 6(n) 1

— dx = g(6 = t)dt + t)dt.

oy fix=g@m) = [T s [ (o
Bay gio theo dinh ly gia tri trung binh tich phan ton tai &1 (1) € [0,6(n)]
va ton tai &(n) € [1 —0(n), 1] sao cho

o Fdx = [F(@ (m) + F(E(m)]60n),

suy ra

né(n) =

T e b
Mat khac, do f(x) 1a ham duong va lién tuc trén [O, 1] nén ton tai
0<m< f(x) <M,Vx € [0,1]. Dan t6i

/f dx_/ flx dx+/ )dx > 2m(n),
suy ra
0< Zmn/ f(x)dx = Tim 0(n) = 0, lim &1(n) =0, lim &(n) = 1.

Tir do ta duoc

. 1 1
Jim [n6(0)] = £o5 gy ) S

e Chon 7 thich hgp sé duogc cac bai thi Olympic.
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Tai liéu tham khao

1. Hoi Toan hoc Viét Nam.

Tuyén tdp va Ky yéu thi Olympic Todn sinh vién tir ndm 1993 dén niam 2019.

2. Nguyén Van Mau, Lé Ngoc Lang, Pham Thé Long, Nguyén Minh Tuén.
Tuyén tip Olympic Todn sinh vién toan quéc 1993 - 2005. Ha Noi 2006.

3. Vi Tién Viét. Tai ligu on tdp Olympic Todn sinh vién.

Nha xuét ban Pai hoc Québc gia Ha Noi, 2017.

4. Vi1 Tién Viét (cht bién), Phan Thé Hai.

M6t 86 chuyén dé on tap thi Olympic Todn sinh vién - Phan 2. Gidi tich.

Nha xuét ban Pai hoc Québc gia Ha Noi, 2021.
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AP DUNG SO PHUC TRONG GIAI TOAN HINH HOC PHANG

Tran Lé Nam*

Tém tat ndi dung

Ching t6i gi6i thiéu phuong phap tng dung s6 phtc vao viéc gidi mot sb bai toan
hinh hoc so cép phéng. Qua mot s6 vi du, chung ta théy réng viéc dSng nhat 1 diém trén
mat phang toa do, mot véc-to tur do v6i mot sb phiic gitip giai nhitng bai toan thang hang,
dong qui, géc trong hinh phang duge gon gang. Tuy nhién, phuong phap nay khong ap
dung duge cho cac bai toan dé cap dén nhiéu dudng tron.

1 Cac két qua hay dung

Néu ching ta xét dnh xa f : (IRZ, +, ) — (C, +, ) thi f la moét déng cau tuyén tinh.
Qua dang cau f, mot diém M(a, b) trén mat phang O-clit R duge dong nhét véi mot s6
phtic m = a + bi trén mat phang phtic C. Tir d6, mot véc-to tu do 7 = (vq, v2) duge dong
nhat v6i sb phitc v = v1 + vai.

Trong bai viét, chiing t6i dung chi cai nho dé chi toa do phiic hay toa vi ctia 1 diém.
Tuong ty, s6 phtic u dugc dung ky hiéu cho vec-to if néu khong sg nham 1an. Thong qua
dang cau f, chiing ta thay rang toa d6 phtic cia mot diém c6 thé chita phan tir don vi 4o
i. V4i tinh chat dic biéti2 = —1cuai, nhirng diém A, B, C, ... nam duong tron don vi
(8%): x>+ y* = 1 c6 toa dd phic thdaaa =bb=--- = 1.

Hon nita, ta c6 thé thuc hién viéc phép chia sb phtc a cho sb phic b, b # 0, trong
khi khong thé thuc hién phép chia 2 vec-to. Tir hai tinh chat hay d6, vdi cac bai toan hinh
hoc O-clit, bat bién qua phép dong dang dugc gidi quyét gon gang. Cu thé, ching ta xac
dinh cac bat bién ctia bai toan, stt dung phép vi ty, phép tinh tién hay phép quay dé dua
bai todn vé trudng hop chinh tac. Néu bai toan lién quan dén da giac déu, duong tron thi
chuyén vé duong tron don vi. Néu bai toan lién quan dén 3 diém thi chon goctoadolal
trong 3 diém d6, diém con lai 12 i hodc 1. Sau d6, st dung cac két qua c6 dién sau dé giai
quyét bai toan.

1.1 DPinhly

Trén mdt phang phttc C cho hai diém Wy, W, nam trén duong tron don vi.
1. Duong thang (W;W,) c6 phuong trinh dang

(d): z + wywiz = wy + wy. (1)

*Khoa Su pham Toan-Tin,
Truong Dai hoc Déng Thap
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2. Duong thang (d) di qua diém V vuéng goc véi (W;W,) ¢6 phuong trinh dang

(d): z — wywrz = v — W wWy7. ()

3. Tiép tuyén (t) tai diém W ctia duong tron S! c6 phuong trinh

1.2

1.

(t): z 4w’z = 2w. 3)
Hé qua

Trén mat phéng phuacC,cho A,B,C,Dla4 diém nam trén duong tron don vi. Khi do,

- _é = —ab.

a—"b

, : e — b—
biém M thudc duong thang (AB) khi va chi khi 7 = a%_aibm-
. g A PSP . A o 2ab
Giao diém (néu c6) ctia 2 tiép tuyén tai A va B ctia S! ¢6 toa do phuc p j_ D

2

Chan duong vuong goc P tir diém M dén duong thang (AB) c6 toa do phiic
p= %(a+b—|—m—abﬁ).

Giao diém ctia hai dudng thang (AB) va (CD) ¢6 toa do phuc la

ab(c+d) —cd(a+Db)
ab —cd

M6t s6 bai toan ap dung

Bai toan 1 (Duong tron O-le). Cho (AA1), (BBy), (CCq) Ia 3 duong cao cua tam giac
AABC, H Ia truc tdm cua no. Goi Ay, By, Co Ian luot Ia trung diém cuia AH, BH,CH, A’,
B/, C' lan luot Ia trung diém ctia cac canh BC, BA, AC. Khi do, chin diém A1, By, Cy, Ay,
By, Cp, A’, B/, C' ciing nam trén mot duong tron.

Loi gidi. Gia sit dudng tron ngoai tiép tam gidc AABC la duong tron don vi.
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Goi P la tAm duong tron ngoai tiép tam giac AA’B'C’, Ty, Tp, T; lan lugt 1a trung diém
caa A'B',B'C',C'A’.
Duong thang (PT;) qua T; va vuong goc v6i (AB) nén c6 phuong trinh dang

(PTy): z— abz = t; — abty.

Hay
(PTy): abz —z = abt, — 1. (4)
Mat khac, ta c6
ad+b a+b+2
= = 1 . ®)
Thay (5) vao (4), ta dugc
- 1=
(PTy): abz —z = 5 (abc — c) . (6)
Tuong tu, dudng thang (PT,) c6 phuong trinh dang
— 1=
(PTy): bz —z = 5 (bca - a) . (7)
Tir (6) va (7), ta co
1

P=3 (a+b+c).
Bén kinh ctia duong tron ngoai tiép tam giac AA’B'C’ la

B b—l—c_a—l—b—l—c 1

/ —
d(P,A") = > > =5
Mat khac, h = a+ b+ c. Do d¢,
1
a2:§(2a+b+c).
Suy ra
@y~ pl = 5lal = 5
2T P =Rl =g

Do d6, Ay nam trén duong tron (A’B’C’). Tuong ty, By, C; nam trén dudng tron (A'B'C’).
Theo Hé qua 1.2,

alzé(b+c+a—bcﬁ).

Do |ay — p| = | — bca|/2 = 1/2nén A; nam trén (C).
Tuong tu, hai diém By, C; ndm trén duong tron (C).

Vay, chin diém Ay, By, C1, Ay, By, Ca, A/, B/, C' cing ndm trén mot duong tron. [
Bai toan 2 (MOP 1995). Cho (BBy) va (CCy) la hai duong cao cua ANABC va AB # AC.
Gia st M la trung diém cia BC, H a truc tim ciia AABC va D 1a giao diém cia (BC) va
(B,C1). Chitng minh rang duong thang (DH) vuéng goc voi duong thang (AM).

Loi gidi. Gia sit dudng tron ngoai tiép tam gidc A ABC la duong tron don vi.
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Tacoh=a+b+c,m= b;C-
Tinh duogc
a’b + a*c + ab® + ac* — b*c — bc? — 2abc
d= :
2(a% — be)
Suy ra
(b+c—2a)(ab + bc + ca + a?)
d—h= :
2(a? — be)

Tir d6 suy ra diéu phai chiing minh. O

Bai toan 3 (vé dich Anh 1983). Cho tam giac AABC can dinh A, goi M Ia tam duong
tron ngoai tiép tam giac ANABC,; D la trung diém ctia doan thang AB va | 1a trong tim
ctia tam giac A\ ACD. Chiing minh rang hai duong thang (M]) va (CD) vuéng goc nhau.

Loi gidi. Gia st tam gidc AABC ndi tiép duong tron don vi.

Khoéng mat tinh tong quat, ta chon a = 1, b = ¢. Tir gia thiét ctia bai toan, ta dugc:

_b+1 . b4+2b+3
— 2 1T s

m=20,d
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Suy ra
c—d 2b-b—-1_2-b—b> = b+2 @)
c—d 26—-b—1 202—b—-1  2b+1
j_b+20+3 _ b+2
E : )
j b+2b+3 2041

Tir (8) va (9), ta duge (M]) va (CD) Vu()ng goc nhau. O

Bai toan 4 (IMO 1975). Vé phia ngoa1 Cua tam giac AABC lan Iuot dung cac tam g1ac
AABR, ABCP, ACAQ sao cho PB PBC = CAQ = 45°, BCP = QCA = 30° va ABR =
RAB = 15°. Chung minh rang QRP =90° va RQ = RP.

Loi gidi.

L)

R

Do phép quay tdm R géc quay —150° bién diém A thanh diém B nén

5m 5 5m 5

b=uae e'+(1—e &')r
Chonr =0, ta duoc

ﬁ+ia

b= -5

Goi H la hinh chiéu ctia Q 1én duong thang (AC). Ta c6:
QH = AHtan45° = HC tan 30°.

tan30° V3

tan45° 3’

Suyra (ACH) = —

V3
T3 VBate

1+\é§ 1++3

thanh diém Q nén ta dugc

Do do, h = Do phép quay tam H, géc quay —90° bién diém A

V3a+c  (V3—i)a+ (1+i)c
1+v3 1++3 '

q=—ai+ (1+1)
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Tuong ty,
_ (Bt (1—ije _ —(1+V3a+(1-ic_
P 1+3 1+3 T
Do d¢,
p—r=—i(g—r).

Suy ra Rz™/?(Q) = P.
Do d6, QRP = 90° va RQ = RP. 0
Bai toan 5 (IMO 2003). Cho tit giac ABCD ndi tiép duong tron. Goi P,Q, R Ia chan
duong vuoéng goc cua D Ién cac canh (BC), (CA) va (AB). Ching minh rang PQ = QR
khi hai duong phén gidc cua go”cZEYZ va ADC cit nhau tai mot diém nam trén (AC).
Loi gidi. Gia st ti giac ABCD noi tiép dudng tron don vi, hai diém A va C ddi xting nhau
qua truc thuc. Khi d6, ¢ = 2hay ac = 1. Goi E,F la 2 diém c6 e = 1 va f = —1. Khi
d6, hai diém E, F nim trén hai dudng phan gidc géc ABC va ADC. Khong mat tinh tong
quat, ta gid st (BE) la duong phan gidc goc ABC va (DF ) 1a duong phan giac goc ADC.
Goi X, Y lan luot 1a giao diém cta (AC) véi (BE) va (DF). Theo dinh 1i Simson, ba
diém P, Q, R thang hang. Do do, bai toan tuong duong vdi viée chiing minh X va Y 1a
tring nhau khi va chi khi Q 1a trung diém ctia PR. Nghia la ta can chiing minh

X=y<=24=p-+r. (10)
That vay, ta co
b(a+c)—(b+1)
B b—1 ’
_dla+c)+d-1
d+1
Suy ra,
x=y<= (b+d)(a+c)=2(bd+1). (11)
Mat khéc,
2r=a+b+d—abd,
2p =b+c+d—bcd,
2g=a+c+d— acd.
Tir do,
2q:p+r<:>a—|—c+d—3:azj—i—b—i—d—baa—gc
— (b+d)(a+c)=2(bd+1). (12)
Tir (11) va (12), ta duge dang thic (10). O
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3 Kétluan va kién nghi

Str dung s6 phtc dé giai bai toan hinh hoc la mot cong cu manh dé gidi cac bai toan
vé tinh thang hang, dong qui, gdc, tong quét hon 1a cac bai todn dong dang. Tuy nhién,
phuong phap nay chi gidi quyét dugc nhiing bai toan c6 chita s6 duong tron it hon hodc
bang 2. Ly do 1a khi tim toa d9 giao diém ctia nhiéu dudng tron thi chiing ta phai giai
phuong trinh phitc cp hai.

Trong chuong trinh phd thong, s6 phitc néu khong duge day cho hoc sinh thi gido
vién c6 thé trién khai theo dang chuyén dé theo hudng.

* Gi6i thiéu khai niém va tinh chat ctia s6 phirc, phép toan;

e Gitp hoc sinh phat hién mébi quan hé gitta cac phép toan trén truong sb phiic va
cac phép bién hinh chinh tac. Cu thé, phép cong tuong ting véi phép tinh tién, phép
lién hop 1a phép dbi xtiing qua truc Ox, phép nhan s6 phtic c6 mod-dun bang 1 v6i
s6 phiic 1a phép quay, phép nhan moét s6 thue duong véi s6 phic 1a vi ty tam O;

* Xay dung phuong trinh duong thang va duong tron theo ngon ngit s6 phtic. Tir d6,
phat hién ra cac két qua hay dung do6i véi da giac déu, duong tron;

* Van dung cac két qua da xay dung giai cac bai toan tir don gian dén phuc tap.

Tai liéu
[1] E. Chen (2016), Euclidean Geometry in Mathematical Olympiads, Mathematical
Association of America, 1%t edition.
[2] Nguyén Hiru Dién (2000), Phuong phdp sé phitc va Hinh hoc phing, NXB Dai hoc
quéc gia Ha Noi
[3] M. Radovanovi¢ (2007), Complex Numbers in Geometry, Olympiad Train-

ing  Materials, https://www.scribd.com/document/249356193 /Marko-
Radovanovic-Complex-Numbers-in-Geometry.

[4] K.Y.Li(2004), Geometry via Complex Numbers, 9(1), Mathematical Excalibur.
[5] Tran Lé Nam (2018), Hinh hoc so cip ning cao, NXB Pai hoc Can Tho.
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PHAN TIiCH VA SO SANH ANH HUONG CUA CAC YEU TO PEN
KET QUA THI KET THUC HOC PHAN TOAN CAO CAP

Tran Kim Thanh, Tran Thé Vinh, Nguyén Thi Khanh Tién
Truong DH Giao thong van tai TP HCM

1 Patvan dé

Tix khi Bo GD-DT bé ky thi tuyén sinh vao dai hoc va dung két qua thi tot nghiép THPT
dé xét tuyén vao dai hoc, trong d6 mén Toan chuyén sang hinh thic thi tric nghiém, da c6
rat nhiéu y kién trai chiéu vé vin dé nay. La nhiing gido vién truc tiép gidng day cac hoc
phan ctia B6 mon Toan & cac trudong Pai hoc, chung t6i thay rd nhitng tac dong tiéu cuc cta
van dé trén doi véi viéc hoc cdc mon Toan cta sinh vién & méi truong Pai hoc, dac biét 1a
kha nang tu duy doc lap va dién dat ctia cac em. Trong bai viét nay, véi dit liéu diéu tra [11]
trén 2834 sinh vién vé diém Toan dau vao va két qua hoc tdp mon Toan cao cip ctia cac khda
2015-2019 do Phong Dao tao va Phong Khao thi va Quan ly chat lugng dao tao cia UFM
cung cap, thong qua cdc md hinh phan tich dit liéu dinh tinh va dinh lugng, ching t6i mudn
phan tich va so sanh anh hudng ctia cac yéu t6 tac dong dén két qua thi két thic hoc phan
Toan cao cép cda céc sinh vién ¢ hai giai doan: 2015-2016 (thi tu luan) va 2017-2019 (thi trac
nghiém).

2 Mo ta va tong hop dir liéu
2.1 Mo ta tap dit liéu

Tap dit liéu & day la diém mon todn xét tuyén vao dai hoc (goi 1a diém dau vao, ky hiéu
Xj), diém qua trinh (ky hiéu X;) va diém thi két thic hoc phan Toan cao cap (ky hiéu Y)
ctia 2834 sinh vién dugc hoc béi 6 gidng vién khac nhau, thudc cac khoa tir 2015 dén 2019
cua UFM. Day la tap du liéu chéo gop doc 1ap theo thdi gian an chita trong d6 mot sy kién
déang quan tam.Tir ndm 2015 cho dén nay, ¢ Viét Nam, Bo Gido duc va Dao tao Viét Nam da
b6 ky thi tuyén sinh vao dai hoc va dung két qua thi tét nghiép phd thong trung hoc dé xét
tuyén vao cac truong dai hoc. Nhitng nam 2015, 2016 dé thi mon Toan cta ky thi nay la dé
tu luan. Tir ndm 2017 cho dén nay, BO Gido duc va Dao tao Viét Nam cho dap dung hinh thtc
thi trac nghiém moén Toan trong ky thi tot nghiép phd thong trung hoc. C6 rat nhiéu y kién
trai chiéu veé sy &nh hudng ctia hinh thic thi va xét tuyén nay dén chat luong ctia sinh vién
cac truong Dai hoc. Dic biét 1a viéc chuyén tir hinh thic thi tu luan sang hinh thic thi trac
nghiém da khién cho ca Hoi Toan hoc Viét Nam ldc d6 gui kién nghi khong tan thanh [9].
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Chinh vi diéu d6 ma chiing t6i chon tap dit liéu nay dé phan tich sy tidc dong cta cac yéu
t0 co ban nhu: (1) diém dau vao X;) (diém thi tét nghiép phd thong) mon Toan, (2) mic do
chuyén can va thai do hoc tap ctiing véi mot bai kiém tra (néu cé) dugc danh gia qua diém
qua trinh X, ctia mén hoc, (3) yéu t6 gidng vién day mon Toan cao cap, anh hudng dén két
qua hoc mon Toan cao cap cua sinh vién. Két qua hoc tap mon Toan cao cap cua sinh vién
dugc danh gia qua Y 1a diém thi két thiic hoc phan nay cta sinh vién. Dac biét, qua d6 danh
gia anh hudng cta viéc thay déi hinh thic thi tir ludn sang hinh thitc thi trac nghiém mon
Toan trong ky thi tot nghiép phé thong trung hoc ddi véi viéc hoc mon Toan cao cip cla cac
sinh vién ctia cac truong dai hoc ¢ Viét Nam.

2.2 Toéng hop dir liéu

Dé don gian, X; dugc goi la diém dau vao, Y dugc goi 1a diém dau ra. Dya vao dit liéu
c6 dugc, dé phuc vu cho viéc phan tich, danh gia, triude hét ta phan loai diém dau vao mén
Toan:

Loai A: X; € [8,10],10ai B: X; € [7,8),10ai C: X; € [6,7),1l0ai D: X; € [5,6)

Ta goi m6i nhom sinh vién ¢6 diém dau vao cung mot loai ndi trén la mot nhom dau vao.
Dé dua cac loai chat lugng dau vao nay vao mo hinh phan tich dit liéu, ching ta c6 cac bién
gia nhi phan K3, K3, K3 dai dién cho loai C, loai B va loai A tuong ﬁmg, trong do6 loai D duoc
chon lam thudc tinh co sé. Trong b dir liéu nay ¢6 6 giang vién giang day hoc phan Toan
cao cap, do do toan bo 2834 sinh vién dugc chia thanh 6 nhém, mdi nhém ung voi mot glang
vién day Toan cao cap Pé don gian ta goi moi nhom nay la mot nhom hoc tap. Pé dua cac
nhom nay vao mo hinh phén tich dit liéu, ngoai trit nhém thit 6 dugce chon lam thudc tinh
co 50, 5 nhém con lai duge dai dién bai 5 bién gia nhi phan:

.- L néu sinh vién thudéc nhém thu i
~ | 0,néu sinh vién thudéc nhom khac

Viéc tuyén sinh vao cac truong DPai hoc ¢ Viét Nam trong giai doan 2015 — 2019 déu dya vao
két qua diém thi tot nghiép phd thong trung hoc, trong d6 riéng mon Toan trong thdi ky nay
da c6 su thay d6i hinh thuc thi: giai doan cac ndm 2015, 2016 thi tu ludn ma ta goi mot cach
don gian la giai doan thi tu luan, giai doan tir nam 2017 dén nam 2019 thi trac nghiém ma
ta goi la giai doan thi trac nghiém. Vi vay chung ta chia di liéu thanh hai mau: Mau du liéu
giai doan thi tur ludn va mau d liéu giai doan thi trac nghiém. Hai mau nay déu 1a cic mau
di liéu chéo gop doc lap. Dé dua tac dong ctia thoi diém hodc giai doan vao mo hinh phan
tich, d6i voi giai doan thi tu luan, ta dung bién gia nhi phan Z va déi véi giai doan thi trac
nghiém ta dung hai bién gia nhi phan Z;, Z, nhu sau

,_ L néu sinh vién khéa 2016
| 0,néu sinh vién khoéa 2016

s L néu sinh vién khéa 2018
171 0,néu sinh vién khoa khac

7 _ 1, néu sinh vién khoa 2019
~ ] 0,néu sinh vién khéa khac
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gitta hai giai doan thi tu luan va thi tric nghiém, ta dting mot trong hai bién gia nhi phan:

5= 1, cho sinh vién gia doan thi trdc nghiém
~ | 0,cho sinh vién giai doan thi tu luan

5 — 1, cho sinh vién khoa 2017
1™ 0, cho sinh vién khéa 2016

Khi d6 toan bo dir liéu [10] duoc tong hop boi bang tong hgp di liéu [.].

2.3 Mot s6 nhan xét ban dau

Trudc hét tir cac biéu do6 phan tan (F.1) va (F.2) ctia Y (diém mon Toan cao cip) theo X1
(diém dau vao mén toan) va cta Y theo X2 (diém qua trinh mon Toan cao cap) trong giai
doan 2015 - 2016, c6 mot xu thé tang nhe ctia Y theo X1 va theo X2, titc 1a nhitng sinh vién
c6 diém dau vao cao hon hodc diém qua trinh cao hon thi néi chung sé c6 diém moén Toan
cao cap cao hon. Xu thé ting ctia Y theo X1 va xu thé ting ctia Y theo X2 la xap xi nhau

F.1. The scatter graphic of ¥ follows X1 (2013-2018) F.2 The scatter graph of Y follows X2 (2015-2016)

Tiép tuc khao sat cac biéu do phan tan ctia Y (diém mon Toan cao cap) theo X1 (diém dau
vao mon toan) (F.3) va ctia Y theo X2 (diém qua trinh mén Toan cao cap) (F.4) trong giai doan
2017 —20109:

5]
(31

*
®
-

. e e e .
-

.......

F.3. The scatter graphic of ¥ follows X1 (2017-2019) F.4. The scatter graphic of ¥ follows X2 (2017-2019)
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Céc biéu dd nay déu biéu hién xu thé ting ctia Y theo X1 va theo X2, tirc la nhitng sinh
vién c6 diém todn dau vao cao hon hodc diém qua trinh cao hon thi néi chung sé c6 diém
moén Toan cao cap cao hon. Xu thé ting ctia Y theo X1 va xu thé ting cta Y theo X2 la xap xi
nhau. Cac hinh trén cting cho thdy mot biéu hién bat thudng: trong s6 cac sinh vién c6 két
qua thi két thiic hoc phan mén Toan cao cip khong qua 4 diém, c6 kha nhiéu sinh vién c6
diém dau vao mon Todn tir 7 diém trd 1én, tham chi con trén 9 diém va cling kha nhiéu sinh
vién c6 diém qud trinh moén Toan cao cAp tir 7 trd [én tham chi 1a 10 diém. Diéu nay khién ta
phéi quay lai di liéu dé tim hiéu chi tiét hon vé diéu nay.

Trd ve di liéu cda giai doan 2017 — 2019, c6 thé chi ra cy thé hon: trong tong s6 768 sinh
vién c6 diém dau ra khong qua 4 diém: - C6 dén 399 sinh vién c6 diém thi dau vao khong
dudi 7 (chiém ty 1é 51,95- C6 574 sinh vién c6 diém qua trinh mén Toan cao cap tu 7 trg 1én
(chiém ty 1¢ 74,74

Nhu vay su bat thudong néi trén cta giai doan thi trac nghiém con nghiém trong hon
nhiéu so voi giai doan thi ty luan. Chﬁng ta sé tiép tuc im hiéu mbi quan hé gifra diém dau
ra ddi vdi cac yéu to: diém dau vao, diém qua trinh, glang vién thong qua cdc mo hinh hoi
quy du liéu chéo gop. Cac mau di liéu thu duge ciia moéi giai doan va gdp cua ca hai giai
doan déu la cdc mau dit liéu chéo gop doc lap Do d6 dé phan tich su tac dong cua cac yeu
t6 diém dau vao, diém qua trinh va yéu t6 gidng vién dén diém thi két thic hoc phan mén
Toan cao cap, mé hinh dit liéu chéo gop theo thdi gian 1a thich hgp cho méi giai doan va viéc
g0p ca hai giai doan. Chung t6i sé phan tich mdi quan hé ndi trén thong qua cac mo hinh
hoi quy dir liéu chéo gop theo thoi gian. Dac biét, qua d6 ching tdi mudn so sanh két qua
phén tich héi quy ctia hai giai doan nay dé danh gia tac dong cta sy thay déi hinh thic thi
ti tu ludn sang trac nghiém.

3 Phan tich trén tap dir liéu 2015-2016 (thi tu luin)

Trudc hét, tir di liéu, ta mudn tim hiéu xem chat lugng dau vao ctia cac nhém hoc tap co
thuc su khac nhau hay khong. Ket qua phan tich ANOVA mét nhén to (nhan to giang vién,
v4i 6 mic khac nhau) vé diém dau vao mon toan, nhan duoc

F =17,36211 > F.,;; = 2,2224(P — value = 0,0000... ).

Do d6 ta cho rang c6 su khéac nhau vé chat lugng dau vao gitta cic nhém nay. Mot cach chi
tiét, tir dir liéu, ching ta c6 bang thong ké ty 1é cac mitc chat lugng dau vao ctia cac nhém
hoc tap. Mdi 6 cta bang (trir hang dau va cot dau) chira chi s6 ty 1é tinh trong méi nhém
tuong ung.

Chat lrong dduvio |Nhém 1 |Nhém?2 |Nhém3 |Nhém4 | Nhém5 | Nhém 6
Loai A 159% | 5.62% | 4.04% | 2.07% | 2.24% | 6.06%
Loai B 31.22% | 59.55% | 56.57% | 29.79% | 34.33% | 38.10%
Loai C 57.14% | 31.46% | 36.36% | 58.11% | 52.98% | 47.62%
Loai D 10.05% | 337% | 3.03% | 10.03% | 10.45% | 8.22%
Tong sb 189 89 99 339 134 231

Dong thoi dua vao két qua phan tich ANOVA mot nhan t6 (nhan td gidng vién vdi 6 mic
khac nhau) vé diém dau ra, nhan dugc: F = 12,68 > F,,;; = 2,61. Do d6 ta cho rang c6 sy
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khéc nhau vé chéat lugng dau ra ctia cdc nhém hoc tap. - Xét chat lugng dau vao ctia mdi
nhém hoc tap trong ca giai doan 2015 — 2016, thong qua md hinh héi quy ctia diém dau vao
X; theo cac bién gia Ty, T», T3, Ty, Ts:

X1 =ho+ h1. Ty + hy. To + h3. T35 + hy. Ty + hs.Ts + U

Tir tap di liéu 2015-2016, nhan dugc diém trung binh dau vao ctia ca giai doan nay
la X; = 6,71 va md hinh udc lugng: X1 = 6,79 — 0,2.T; +9,25.T, + 0,11.T5 — 0,21.T; —
0,12.T5 + U Két qua chay hdi quy udc lugng cho thay: Diém trung binh dau vao ctia ca giai
doan thi ty luan 1a 6,71 diém. Piém trung binh dau vao cta cdc nhém hoc tap theo thu tu
tir nhom 1 dén nhém 6 1an luot 1a: iy + Iy = 6,6; g + hy = 7,04; hg + hs = 6,91; hy + hy =
6,59; ﬁo + hA5 = 6,67; hAO = 6,68 Nhu vay nhém hoc tap co diém trung binh dau vao cao nhat
1a nhém 2 (7,04), tiép dén 1a nhém 3 (6,91), nhém 6 (6,68), nhoém 5 (6,67), va thap nhat la
nhom 4 (6,59)

- Xét chat lugng dau ra ctia méi loai chat lugng dau vao trong ca giai doan 2015 — 2016,
théng qua mo hinh héi quy ctia diém dau ra Y theo cac bién gia Ky, K», Ks:

Y=a+bKi+cKy+dKs+V

Tur tap di liéu 2015-2016, nhan dugc diém trung binh dau ra cta ca giai doan nay la
Y=5,09 va m6 hinh uéc lugng: Y = 4,37 + 0,55.K1 + 1,04.K; + 1,46.K3 + V Tir d6 cho thay:
Diém thi két thic hoc phan mén Toan cao cap ctia toan bo 1081 sinh vién trong 2 khéa 2015,
2016 la: 5,09, trong do:

- Nhém dau vao loai D ¢6 trung binh diém dau ra la: 4,37, nhém dau loai C c6 trung binh
diém dau ra la: 4,92, nhém dau vao loai B ¢6 trung binh diém dau ra la: 5,41, nhém dau vao
loai A ¢6 trung binh diém dau ra la: 5,83

Nhu vay diém thi két thiic hoc phén Toan cao cap trung binh mdi nhom chat lugng dau
vao mic dut c6 sy khac nhau (theo két qua ANOVA phan trudc), nhung chung cung chi dao
dong nho xung quanh diém trung binh thi két thiic hoc phan Toan cao cap cta tat ca cac
nhém chét lugng dau vao. K€ cad nhém chat lugng dau vao loai A ciing khong c6 kha nang
bit pha dang ké xung quanh mitc binh quan chung la 5,09. Diéu nay cho thy dé thi tot
nghiép pho thong trung hoc mon toan chua thuc su phan loai dugc chat lugng hoc sinh,
tham chi c6 nhiing hoc sinh dat diém cao (loai A) ma két qua thi két thuc hoc phfm Toan cao
cap lai dudi muc trung binh. Mt khac diém qua trinh trong nhiéu trudng hop chua danh
gia ding thuc chat ctia chat lugng dau ra, bang chiing 1a trong s6 407 sinh vién c6 diém dau
ra khong qud 4 thi c6 tdi 69,79% sinh vién c6 diém qua trinh khong dudi 7, tham chi trong
s6 d6 c6 sinh vién c6 diém qua trinh 1a 10.

Tiép theo ta mudn tim hiéu chat lugng dau ra & cac nhém hoc tp nay. Tién hanh uwdc
luong cho moé hinh: Y = kg + k1.T1 + kp. 15 + k3.T3 4 k4. T4 + k5.Ts + W Nhan dugc mo hinh
udc luong: Y =4,85—-0,18.T; +0,24.T, +0,73.T3 + 0,01.T4 + 1,42.T5 Theo d6 diém trung
binh dau ra ctia cdc nhém hoc tap xép theo thit ty gidm dan nhu sau: cao nhat la nhém (5)
(6,28), thit 2 1a nhom (3) (5,59), thu 3 1a nhom (2) (5,09), thi tu 1a nhom (4) (4,86), thi nam la
nhoém (6) (4,85), thit sau 1a nhém (1) (4,67)
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- So sanh diém dau ra ctia cdc nhém hoc tap c6 cting mire d6 diém dau vao, thong qua
mo hinh hdi quy ctia Y theo Ty, T, T, Ty, Ts, K1, Ko, K3:

Y =po+p1Th + p21o+ p3ls + paTy + psTs + g1K1 + 42Kz + q3K3 + 0
ta nhan dugc moé hinh udc lugng:
Y =4,1-0,1T, +0,11T, +0,64T3 + 0, 1T, + 1,49T5 + 0,56K; + 1,03K, + 1,51K;
Tir tap dir liéu ctia giai doan 2015 — 2016 va cac két qua phan tich trén ta rit ra mot sd

thong tin httu ich sau day dbi voi cac nhém hoc hoc tap dé gitp cho viéc danh gia, so sanh
hiéu qua hoc tap gitra cic nhom nay duogc chinh xac va khach quan hon:

Bang 1
Nhom Trung binh d4u ra cia cic nhém dau vao
hoc tap A B C D
Diém | Tht hang | Piém | Thr hang | Diém | Thit hang | Piém | Thit hang
@)) 5,52 6 5,04 6 4,57 6 4,01 6
) 5,73 3 5,24 3 4,78 3 4,22 3
€) 6,25 2 5,77 2 53 2 4,74 2
&) 5,71 4 5,23 4 4,76 4 4,20 4
®) 7,1 1 6,62 1 6,15 1 5,59 1
6) 5,61 5 5,13 5 4,66 5 4,10 5
Bang 2.
Nhém | Trung binh déu vao Ty 1& du vao cac loai (%) Trung binh d4u ra
hoc tip | Piémsd | Thithang | A B C D Diém sé | Thtt hang
)) 6,60 5 1,59 | 31,22 | 57,14 | 10,05 4,67 6
) 7,04 1 5,62 | 59,55 | 31,46 | 3,37 5,09 3
3 6,91 2 4,04 | 56,57 | 36,36 | 0,03 5,59 2
4 6,59 6 2,07 29,79 | 58,11 | 10,03 4,86 4
®) 6,67 4 2,24 | 34,33 | 52,98 | 10,45 6,28 1
6) 6,68 3 6,06 | 38,10 | 47,62 | 822 4,85 5

4 Phan tich trén tap dir liéu 2017-2019 (thi trac nghiém)

Tir dir liéu cua giai doan 2017 - 2019, c6 bang thong ké dudi day vé ty 1é cac loai chét
luong dau vao trong cac nhom hoc tap.

Chit luong 1) (2) (3) 4 () (6)
dau vao
Loai A 25.81% | 42.47% | 21.40% | 23.36% | 15.40% | 6.38%
Loai B 34.84% | 40.86% | 54.39% | 45.45% | 40.35% | 32.45%
Loai C 33.54% | 12.37% | 22.10% | 26.64% | 35.75% | 47.34%
Loai D 5.81% | 430% | 2.11% | 4.55% | 8.50% | 13.83%
Tbng s6 155 186 285 374 565 188

Bang nay cho thay, loai trit nhém 6 thi ty 1é dau loai C va loai A trong cadc nhém hoc
tap trong giai doan nay ting lén rat nhiéu so vdi giai doan 2015 — 2016. Néu chi can ct vao
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diéu nay, ta dé nham tudng rang chat lugng dau vao cda trudng dai hoc trong giai doan
sau nay da dugc cai thién dang ké so vdi giai doan 2015 — 2016. Tuy nhién, nhu da trinh
bay & phan truoc, cac biéu hién bat thuong da duge boc 16 trong cac biéu do phan tan F.3,
F.4 . Chung ta tiép tuc lam ro diéu nay trong cac ndi dung dudi day. Tuong tu nhu giai
doan 2015 - 2016, ddi véi phan tich ANOVA cho X1 theo nhan t6 gido vién, ta nhan dugc
F = 31,7355 > F.;; = 2,2192, dbi v6i phan tich ANOVA cho Y theo nhan t6 gido vién ta
nhan duoc F = 31,7355 > F.;; = 2,2192 va di dén két luan: chit lugng diém dau vao ctia
cdc nhom hoc tap 1a khac nhau va chat lugng diém dau ra ctia cdc nhém hoc tap cling khéc
nhau.

- Xét chat lugng dau vao ctia méi nhém hoc tap trong ca giai doan 2017 - 2019, thong qua
mo hinh hdi quy ctia diém dau vao X; theo cac bién gid Ty, Ty, T3, Ty, Ts :

X1 =+ LT+ LT+ 13.T5 + 14.Ty + I5.T5 + u’
T dit liéu 2017-2019, ¢6 X3 = 7,19 va md hinh udc lugng

X; =6,740,54.T; +0,94.T, +0,66.T3 4+ 0,57.T; + 0,36.T5

Tir d6 diém trung binh dau vao cta cac khéa 2017-2019 1a 7,19 va ctia cac nhém hoc tap,
theo thit tu tit nhém 1 dén nhém 6 1an luot 1a: 7,24,7,64,7,36,7,27, 7,06,6,7, Nhut vay nhém
hoc tap c6 diém trung binh dau vao cao nhat 1a nhém (2) (7,64 ), thi 2 1a nhém (3) (7,36 ),
thu 3 la nhom (4) (7,27), tha 4 1a nhom (1) (7,24), tha 5 1a nhém (5) (7,06), tha 6 la nhom
(6) (6,7). Nhin chung diém dau vao giai doan nay cao hon giai doan 2015 — 2016. - Xét chat
lugng dau ra ctia moi loai chat lugng dau vao trong ca giai doan 2017 — 2019, thong qua mé
hinh héi quy ctia diém dau ra Y theo cac bién gia K1, Ky, K3 :

Y = a’ —+ b/.Kl + C/.Kz —+ d/.Kg + V/

Tir tap dit liéu c6: Y = 4.95 va mo hinh wéc lugng: ¥ = 3,61 +0,69.K; +1,61.K, +2,17.K;3

Két qua hodi quy udc lugng nay cho thay: Diém trung binh dau ra ctia cic nhom chét
lugng dau vao xép theo thir tu tir cao xubng thap la: 5,78 (loai A), 5,22(loai B), 4,29 (loai
C), 3,61 (loai D). Két qua trén ciing chi ra: Diém trung binh dau ra ctia ca giai doan thi trac
nghiém 1a 4,95, thap hon so véi giai doan thi tu luan, trong khi diém dau vao cda giai doan
thi trdc ngiém lai cao hon so vdi giai doan thi ty luan. Pau ra ctia cac nhém chat lugng dau
vao cung roi vao tinh trang nay.

- Xét chat lugng dau ra ciia mdi nhém hoc tap trong ca giai doan 2017 — 2019, thong qua
md hinh héi quy ctia diém dau ra Y theo cac bién gia Ty, T, Ts, Ty, Ts :

Y = my+ mq. Ty + mp. T + m3. T3 + my. Ty + ms.Ts + W’

nhan duge mo hinh wéc lugng: ¥ = 4,63 — 0,11.T; +0,96.T, + 0,93.T3 — 0,76.Ty + 0,74.Ts
Diém trung binh dau ra ctia cic nhém hoc tap theo thu tu la: 4,52,5,6, 5,56,3,87,5,37,4,63
Tir cac két qua phan tich trén ta c6 bang danh gia ddi v6i cdc nhém hoc Toan cao cap nhu
sau:
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Nhom Trung binh dau vao Ty 1& du vao cac loai (%) Trung binh d4u ra
hoc tap | Piém sb | Thir hang A B C D Diém s6 | Th hang

(1) 7,24 4 21,81 | 34,84 | 33,54 | 581 4,52 5

2 7,64 1 42,47 | 40,86 12,37 | 4,30 5,6 1

3 7,36 2 21,40 | 54,39 | 22,10 | 2,11 5,56 2

4 727 3 23,36 | 4545 | 26,64 | 4,55 3,87 6

Q) 7,06 5 15,40 | 40,35 | 35,75 | 8,50 5,37 3

(6) 6,70 6 6,38 3245 | 47,34 | 13,83 4,63 4

- Dé phan tich sy tac dong ctia ctia cac yéu t6 diém dau vao, diém qua trinh, cic nhém hoc
tap anh hudng den dau ra la ket qua thi ket thiic hoc phan Toan cao cap, ta xét mo6 hinh d
liéu chéo gop theo thoi gian dudi day cho giai doan nay:

Y = po + pl-Zl + pz.Zz + £]1X1 + qll.Zl.Xl + qlll.Zz.Xl + 6]2X2 + q’z.(Sl.Xz + qlzl.éz.Xz
+51Ty +spTr + 5315 + 54Ty + s515 + e

Tix tdp dux liéu, nhan dugc mo hinh uéc lugng

Y =-3,34—-2,1.7Z1 —2,99.Z, +0,58.X; +0,23.Z1.X; + 0,37.Z,.X1 + 0,41. X

+0,08.01.X> +0,11.00. X, +1,02.T1 + 0,6T, + 1,57.T5 + 0,03T4 + 0, 84T5

Mo hinh héi quy udc lugng nhan duge cho thdy &nh hudng cta diém qua trinh ddi véi két
qua thi két thuc hoc phan Toan cao cap qua cac ndm déu thap hon so vdi anh hudng ctia
diém dau vao. D6i véi khoa 2017, hé s6 X; 1a 0,58, hé sé X, 1a 0,41. D6i véi khoa 2018, hé sbd
X; 12 0,81, hé s6 X, 14 0,5. Déi vi khéa 2019, hé sb X; 14 0,95, hé sb X, 1a 0,53. Anh hudng
tich cyc ctia yéu t6 gidng vién dén két qua thi két thiic hoc phan Toan cao cap thong qua cac
nhém hoc tp dugc xép thit tu tir cao xudéng thap nhu sau: Cao nhat 1a nhém (3), tiép dén la
nhém (1), r6i nhém (2), r6i nhém (5), 16i nhém (4) va cubi cting 1a nhém (6).

5 Phan tich trén tap dir liéu 2015-2019 (mau gop hai giai doan
tu luan va trac nghiém)

51 Mot s6 nhan xét qua phan tich tirng giai doan

Qua viéc phan tich tiing giai doan, ta nhan thay rang: - Ca hai giai doan déu c6 chung
mot biéu hién bat thuong: ¢6 nhiéu sinh vién c6 diém dau vao hodc diém qua trinh tr 7 trd
lén, nhung lai ¢6 diém thi két thiic hoc phan Toan cao cip khong vuot qua 4. Dau hiéu bat
thuong nay ¢ giai doan sau con nghiém trong hon nhiéu so véi giai doan trudc. - Chét luong
dau ra chua tuong xing vé diém dau vao va diém qua trinh. - Cac nhém hoc tap c6 diém
dau vao trong giai doan 2017 - 2019 cao hon han so véi trong giai doan 2015 - 2016, nhung
diém dau ra thi ngugc lai. Hon nita ty 1é dau vao loai A, loai B trong cdc nhém nay & giai
doan sau cao hon nhiéu so véi giai doan trudc. - Anh huédng ctia cac giang vién thong qua
cac nhém hoc tap c6 su thay déi trong hai giai doan. Chuing ta sé thdy r6 hon nhitng van dé
trén trong cac mo hinh hoi quy gop hai giai doan.
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5.2 Phan tich trén mau dir liéu chéo gop 2016 — 2017

- Xét mo6 hinh hoéi quy di liéu chéo gop theo thoi gian ctia X; theo cac bién
Zl/ ZZ/ Z3/ Z4/ Z5:
X1 =do+dy.01 + Z(] = 1)5C]T] +ur
Tir bo dix liéu, nhan dugc X; = 7,01 va mo hinh ude lugng
X; = 6,46 +1,1.6; +0,02.T; +0,09.T, 4 0,13.T5 + 0,04.T, + 0,21.T5

Két qua nay cho thay diém trung binh dau vao cho ca hai ndm nay kha cao (7,01), trong d6
diém trung binh dau vao ctia cdc nhém hoc tap kha dong déu (cac hé sd hdi quy udc luong
ctia cac bién T; khac nhau khong dang ké). So véi nam 2016, trong ndm 2017 diém trung
binh dau vao ctia cic nhém déu tang 1,10 diém. - Xét mo hinh hoi quy dit liéu chéo gop ctia
X theo céac bién K, Ky, K3:

X1 =ey+e1.01 +01.K1 + 62Ky + 603.K3 + O

- Tién hanh udc luong cho mo hinh trén, nhan duoc:

X; =5,56+0,16.6; +0,84.K; +1,72.K, + 2,57.K;3
Két qua nay chi ra diém binh quan dau vao cdc muc chat lugng loai A, loai B, loai C, loai D
ctia khoa 2017 d&éu cao hon 0,1631 diém so vdi khéa 2016.
- Xét m6 hinh hdi quy di liéu chéo gop cta Y theo cac bién Ty, T», T3, T4, Ts

Y = Mo + ]41.51 + 171.T1 + 172.T2 + 113.T3 + 174.T4 + 775.T5 +V*
nhan duge Y = 4,91 va mo hinh uéc lugng;:

A

Y = 4,46 —0,48.6; + 0,43.T; —0,02.T, +1,36.T3 +0,38.T; + 1,81.Ts

Két qua nay cho thay: - Diém trung binh dau ra ctia sinh vién ca hai khéa 2016, 2017 1a
4,91, diém trung binh dau ra ctia cdc nhém hoc tap khoéa 2017 déu thap hon gan nira diém
(0,48) so v6i khoa 2016. - Xét mo hinh hoi quy du liéu chéo gop ctaa Y theo Ky, Ky, K3 :

Y = dj +d}.61 + ¢|.K1 + ¢5.Ka + c5.K3 + €*

nhan dugc mo6 hinh udc lugng: Y =4,3-1,17.0; +0,6.K; + 1,51.K» +2,02.K3

Két qua nay ching to: diém trung binh dau ra ctia cdc nhém chat lugng dau vao ctia khéa
2017 déu thép thua 1,17 diém so véi khéa 2016. Tham chi nhém chét luong dau vao loai A
ctia khéa 2017 ciing chi dat diém trung binh dau ra 1a 5,15, con nhém chét lugng dau vao
loai B ctia khoa nay c6 diém trung binh dau ra 1a 4,65, thap hon ca diém trung binh dau ra
cia nhém dau vao loai C khoéa 2016 1 4,9. - Bay gio ta xem xét su tac dong ctia tat ca cac yéu
t0: X1, X2 va yéu tb gidng vién vao két qua thi két thiic hoc phan 1a Y trong ca hai khéa 2015,
2016. Khi tac dong yéu t6 thoi gian 6; 1én ca hé s6 chin va cac hé s hoi quy cta X; va X
nhan dugc cac hé s6 hoi quy ude lugng cta 61.X; va ctia 6;.X, khac khong khong dang ké
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(61.X1 6 Prob.(t) = 0,3413, §1.X; c6 Prob.(t) = 0,2275), tic 1a yéu t6 thoi gian tdc dong khong
déang ké 1én yéu t6 diém dau vao va diém qua trinh. Vi vay ta xem xét mo hinh héi quy wéc
lugng cho hoi quy di liéu chéo gop ma yéu td thdi gian chi tdc dong 1én hé s6 chan sau day:

Y = ap + a1.01 + 1 X1 + B2 Xo + 2]5':1’)’]"1}' + W*

ta nhan dugc mo6 hinh udc lugng;:
Y =-3,51-1,13.5; +0,6.X; +0,44.X, +1,86.T; +0,98.T, +2,41.T3 + 1,46.T; + 1,89T5

Két qua nay cho thdy, trong ca hai khoa 2016, 2017, di vdi diém dau ra Y, anh hudng cta
diém qua trinh yéu hon 4nh hudng cta diém dau vao. Trong ciing mot diéu kién vé diém
dau vao va diém qua trinh thi ddi véi két qua diém thi két thic hoc phan toan cao cap, yéu
to gido vién c6 anh hudng tich cuc nhat 1a nhém 3, tiép dén 1a nhém 5, ro6i nhém 1, nhém 4,
nhém 2 va cubi cing 1a nhém 6. Dic biét, trong diéu kién d6, diém trung binh dau ra ctia
khoa 2017 thap hon so véi diém trung binh ctia khéa 2016 1a 1,13 diém.

5.3 Phan tich trén du liéu chéo gop ca hai giai doan 2015-2016 va 2017-
2019.

Bay git bo dit liéu chéo gop ca hai giai doan thi tur luan va thi trac nghiém dugc st dung
dé udc lugng cho cac mo hinh hoi quy.

1. Udc lugng cho mo6 hinh hoi quy dur liéu chéo gdp cta X; theo cac bién Ty, To, Ts, Ty, T5
X1 =dy+di.0+c1. Ty +c5.To+c3. T3+ ¢;. Ty + c2.Ts + Uy
nhéan dugc : X; = 7,01 va mé hinh udc lugng:
X1 =6,55+0,45.0 +0,13.T; +0,59.T, + 0,36.T5 + 0,16.T4 + 0,07.T5

Két qua nay cho thiy diém trung binh dau vao tat ca cac khoa ctia ca hai giai doan kha
cao (7,01 diém). Piém trung binh dau vao ctia cac nhém hoc tap c6 su khac nhau: cao
nhat 13 nhém 2, tiép theo 1a nhém 3, roi nhom 4, nhém 1, nhém 5, cudi cung la nhém
6. Dang chti y 1a mdi nhém hoc tap trong giai doan 2017-2019 déu c6 diém trung binh
dau vao cao hon 0,45 diém so véi trong giai doan 2015 - 2016.

2. Tién hanh udc lugng cho m6 hinh hoéi quy di liéu chéo gdp ctia X; theo cac bién
Kl/KZI K3 :
X1 =80+ 810+ wi.Ky + wr.Ky + w3.K3 + o'

nhdn dugc mod hinh udc lugng:
X1 =5,534+0,1.0+0,87.K; +1,75.Ky + 2,65.K3

Nhu vay diém binh quan dau vao ctia cac khoa thi trac nghiém déu cao hon 0,10 diém
so vdi cac khoa thi tu ludn trong tat ca cac loai chat lugng.
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3. Tién hanh udc luong cho mé hinh hdi quy di liéu chéo gop ctia Y theo Ty, T, Ts, Ty, T
Y=wus+uio+n.Ti+n.To+n3.Ts+ 11Ty +4:.T5 + V4
nhan dugce: Y = 5,00 va md hinh udc lugng:
Y =4,96—0,46.6 —0,15.T; +0,78.T, +0,95.T5 — 0,38.T4 + 0,96.T5

Tir d6 nhan thay: - Diém trung binh dau ra ctda sinh vién tat ca cac khéa 2015 — 2019
12 5,00. - Diém trung binh dau ra ctia cic nhém hoc tap ctia cac khéa 2017 - 2019 déu
thap hon gan nira diém (0,46 diém) so vdi cac khoa 2015 — 2016. - Xét trong toan bo hai
giai doan, diém trung binh dau ra cao nhat 1a ctia nhém 5, rdi nhém 3, nhém 2, nhém
6, nhém 1 va cudi ciing 1a nhoém 4. Tuy nhién trong cac khéa 2017 — 2019, diém trung
binh dau ra ctia nhém 5 cling chi 1a 5,45 diém.

4. Véily do tuong tu nhu trong giai doan 2016 — 2017, khi gop ca hai giai doan thi tu luan
va thi trac nghiém, chiing t6i chi xét udc lugng cho mé hinh héi quy dit liéu chéo gop
(3.9) cia Y theo cacbién X1, X, Tq, T», ..., Ts, ma trong do bién thoi gian ¢ gitra hai giai
doan chi tuong tac véi hé sb chan:

Y = ag +a7.8 + 1. X1+ B3-Xa + X771 T+ Wy
nhan dugc mo hinh udc lugng:
Y=-38-0,75.0+0,68.X; +0,45.X, +1,26.T1 +1,05.T) +2.T3 +0,7.T4 + 1,36.T5

Két qua nay cho thay, trong ca hai giai doan 2015 — 2016 va 2017 - 2019, d6i véi diém
dau ra Y, anh hudng ctia diém qua trinh yéu hon dnh huéng ctia diém dau vao. Trong
cing mot diéu kién vé diém dau vao va diém qua trinh thi déi vdi két qua diém thi
két thuic hoc phan toan cao cap, yéu t gido vién c6 anh hudng tich cuc nhat 1a nhém
3, tiép dén 1a nhém 5, roi nhém 1, nhém 2, nhém 4 va cudi cung la nhom 6. Dac biét,
trong diéu kién d6, diém trung binh dau ra ctia cac khéa 2017 - 2019 thap hon so véi
diém trung binh ctia cac khéa 2015-2016 la 0,75 diém.

5. Tién hanh udc lugng cho mo6 hinh hoi quy di liéu chéo gdp ctia Y theo cac bién gia
Kl/ KZ/ K3
Y =v9+01.0+1r1.Ky +1.Ky +1r3.K3 + Ui
ta c6 mo hinh udc lugng:

A

Y =4,18-0,42.6 +0,64.K; +1,38.K, +1,99.K3
Két qua nay cho thay: cing mot mitc chat lugng dau vao, du 1a loai A, loai B, loai C

hay loai D thi diém trung binh thi két thtic hoc phan Toan cao cap cta sinh vién cac
khéa 2017 — 2019 déu kém thua sinh vién cac khéa 2016 — 2017 khoang 0,42 diém.
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5.4 Phan tich qua m6 hinh phan tich dinh tinh

Van dé dat ra rong muc nay la: Voi mot diém dau vao va mot qua trinh hoc tap da trai
qua, kha nang thi dat yéu cau moén Toan cao cap ctia mot sinh vién la chiing bao nhiéu?
ching ta sé xem xét tdc dong ctia cac yéu to: diém Toan dau vao, diém qua trinh, giang vién
giang day hoc phan Toan cao cap, tac dong lén két qua thi mén Toan cao cap. Cu thé ta mudn
biét xac suat 7t d& mot sinh vién c6 diém thi mon Toan cao cAp 1a dat phu thudc nhu thé nao
Vao cac yéu t6 noéi trén. Nhu vay bién phu thudc (dap ung) la mot bién dinh tinh c6 hai thudc
tinh: dat va khong dat. V&i muc dich d6, ching ta dua vao bién gia nhi phan Y*, dugc gan
gia tri 0, néu Y < 5 (khong dat) va dugc gan gia tri 1, néu Y > 5 (dat). Ngoai ra coi 6 giang
vién trong mau dai dién cho cac gidng vién todn cua truong, nén coi Y* phu thudc vao céc
bién X; va X,. Tuy nhién ching ta khong thé bé qua mot yéu t6 quan trong trong bo di liéu
chéo gdp nay tac dong dén Y* 1a sy thay d&i hinh thitc danh gia diém dau vao moén Toan. Su
thay ddi nay tao nén hai giai doan: tu luan va trac nghiém, dnh hudng dén chat lugng tuyén
sinh dai hoc va do d6 anh hudng dén kha nang hoc mén Toan cao cap cta sinh vién. Yéu t6
vé sy thay ddi giai doan néy dugc dic trung boi mot bién gia nhi phan 6, trong dod:=0 déi
voi giai doan “tu luan” va § := 1 d6i véi giai doan * “trac nghlem Vi vay dé dua yeu to giai
doan vao md hinh, ta can tac dong 6 vao hé sb chin va cac hé s6 hdi quy ctia cac bién cé lién
quan trong mo6 hinh Logistic sau:

T
log (m) = a0 +a1.6 + (Bo + B16). X1 + (0 +71:6).X2 (1)
Trong d6: m = P(Y* = 1|4, X1, X») 1a xac suat dé mot sinh vién (trong diéu kién J, X3, Xa,

thi dat mon Toan cao cap. Chay hoi quy udc lugng cho mé hinh logistic (1), nhan duge mo
hinh udc luong:

log (1 z n) — —4,2142 — 2,5502.6 + 0,5015.X; +0,1623.6.X; + 0,1808, X5 +0,1118.6X,

Tuy nhién trong mo6 hinh nay, hé sb clia 0.Xy c6 p-value = 0,1993 > 0,05, nén ta loai bot
bién tuong tac 6.X; va xét mo hinh

log (%) =ayp+a.0+b.X1+ (Co + C.5)-X2 (2)

Chay hdi quy udc lugng cho mé hinh logistic (2), nhan dugec mé hinh wéc luong:

log (1 fﬁ) = —4,9876 — 1,4474.0 + 0,6208.X1 +0,1781, X, + 0,1117.6X>» (2a)

Nhu vay viéc chuyén tir hinh thuec thi tu luan sang hinh thuc thi trac nghiém moén Toan
trong ky thi tot nghiép THPT da lam giam di kha nang hoc mon Todn cao cép 3 bac dai hoc
(do hé sb cua 6 trong (2a) 1a -1,4474<0)
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Chang han: Néu mot sinh vién c6 diém dau vao tu luan X; = 8, va diém qua trinh X, = 8
thi xac suat thi dat yéu cau moén Toan cao cap udc tinh la

ft = (1 + exp(4,9876 — 0,6208.8 — 0,1781.8))( — 1) = 80,28%

Néu mot sinh vién c6 diém dau vao trac nghiém X; = 8, va diém qua trinh X, = 8 thi
xac suat thi dat yéu cau mon Toan cao cap udc tinh la

ft = (1+ exp(4,9876 + 1,4474 — 0,6208.8 — 0,1781.8 — 0,1117.8))( — 1) = 70,05%

6 Kétluan

Trong bai viét nay, tir tap dit liéu [11], chiing t6i da x( ly thanh tap dit liéu tong hop [12].
Nho vao cadc phan mém tng dung nhu : Exel, Eviews, ching t6i da tién hanh phan tich trén
cdc m6 hinh toan hoc dugce thiét 1ap. Dé két luan, chung t6i trinh bay cac két qua chinh cta
viéc phan tich d6 nhu sau:

1. Dbi véi cac khoa thi tu luan (2015 - 2016):

(a)

(b)

Méc dut cac khéa nay c6 diém dau vao déu khong dudi 5 diém, nhung c6 dén
38% sinh vién c6 diém dau ra (diém thi két thiic hoc phan Toan cao cap) khong
vuot qua 4 diém. Hon nita trong s6 sinh vién c6 diém dau ra khong vuot qua 4
diém thi s6 sinh vién c6 diém dau vao khong dudi 7 diém (loai A va loai B) chiém
32,19%, va sb sinh vién c6 diém qua trinh khong dudi 7 diém chiém 69,79%, tham
chi trong 56 d6 c6 nhitng sinh vién c6 c6 diém dau vao trén 9 diém va c6 nhiing
sinh vién c6 diém qua trinh la 10 diém. Nguoc lai, c6 nhing sinh vién ma diém
dau vao hodc diém qua trinh chi tir 5 dén 6 diém, nhung lai c6 diém dau ra la 9
diém, 10 diém.

Cac khoa 2015 - 2016 c6 diém trung binh dau vao khoang 6,71 diém, c6 diém
trung binh dau ra la 5,09 diém. Diém trung binh dau ra ctia cdc murc chat lugng
dau vao ciing chi dao dong nhd xung quanh 5,09, tham chi loai A ciing khong c6
su but pha dang ké vé diém dau ra.

2. Dbi véi cac khoa thi trac nghiém (2017 — 2019):

(a)

Méc du cac khéa nay cé diém dau vao déu khong dudi 5 diém, nhung c6 dén
43,81% sinh vién c6 diém dau ra (diém thi két thic hoc phan Toan cao cap) khong
vugt qua 4 diém. Hon nita trong s6 sinh vién c6 diém dau ra khong vuogt qua 4
diém thi s6 sinh vién c6 diém dau vao khong dudi 7 diém (loai A va loai B) chiém
51,95%, va s6 sinh vién c6 diém qua trinh khong dudi 7 diém chiém 74,74%, tham
chi c6 nhitng sinh vién c6 c6 diém dau vao trén 9 diém va c6 nhirng sinh vién c6
diém qua trinh la 10 diém. Ngugc lai, c6 nhiing sinh vién ma diém dau vao hodc
diém qua trinh chi tir 5 dén 6 diém, nhung lai c6 diém dau ra 1a 8 diém, 9 diém.
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(b) Céc khoa 2017 — 2019 c6 diém trung binh dau vao khoang 7,19 diém, c6 diém
trung binh dau ra 1a 4,95 diém. Diém trung binh dau ra cta cac mirc chat lugng
dau vao ciing chi dao dong nho6 xung quanh 4,95 diém, tham chi loai A cling chi
c6 diém trung binh dau ra 1a 5,78 diém.

3. So sanh chat lugng cac khoa giai doan 2015 — 2016 va cac khoa giai doan 2017 — 2019:

(a) Néu xét hai khoa dai dién cho hai giai doan thi tot nghiép ph6 thong trung hoc:
khéa 2016 1a khéa cudi cting thi tu ludn cho mén Toan, khéa 2017 1a khéa dau tién
thi trdc nghiém cho mo6n Todn, ta thay:

- Diém trung binh dau vao cua khéa 2017 (7,56 diém) cao hon 1,10 diém so véi
diém trung binh dau vao cta khoa 2016 (6,46 diém). Tuy nhién diém trung binh
dau ra ctia khoa 2017 thap hon 0,48 diém so v6i diém trung binh dau ra ctia khéa
2016

- Diém trung binh dau ra ing vdi cing mirc chat luong dau vao (loai A, loai B,
loai C, loai D) ctia khéa 2017, déu thap hon 1,17 diém so véi khoa 2016.

(b) Ca hai giai doan nay déu c6 chung dau hiéu bat thuong nhu da dugce chi ra, tuy
nhién dau hiéu bat thuong nay & giai doan thi trac nghiém nghiém trong hon
nhiéu.

(c) Tuy rang diém trung binh dau vao cta giai doan thi trac nghiém (7,19 diém) cao
hon diém trung binh dau vao ctia giai doan thi tu luan (6,71 diém), tham chi ty 1¢
dau vao loai A, loai B trong cac nhom hoc tap & giai doan sau cao hon nhiéu so
Vi giai doan trude, nhung diém trung binh dau ra ctia giai doan thi tric nghiém
(4,95 diém) lai thap hon diém trung binh dau ra ctia giai doan thi ty luan (5,09
diém).

4. Trong khoang thai gian 2015-2019, dé thi t6t nghiép phé thong trung hoc mén toan
chua thuc sy phan loai dugc chat lugng hoc sinh. Trong toan bd cac khéa 2015 - 2019,
s6 sinh vién c6 diém thi két thic hoc phan Toan cao cap dudi 4 diém chiém 41,46% .
Trong s6 sinh vién d6 c6 t6i 45,11% sb sinh vién c6 diém toan dau vao tir 7 diém trd 1én
tham chi c¢6 nhitng hoc sinh c6 dau vao 9 diém hodc trén 9 diém. Mt khac diém qua
trinh, nhin chung chua danh gia ding thuc chat ctia chéat lugng dau ra. Bang ching 1a
trong s6 cac sinh vién c6 diém dau ra khong qua 4 diém thi c6 t6i 73,02% sinh vién c6
diém qud trinh khong dudi 7, tham chi trong s6 d6 c6 sinh vién ¢ diém qua trinh la
10 diém.

5. Céc thong tin nhan dugc & trén, dac biét la cac thong tin nhan duoc tir viéc ude luong
cdc md hinh hdi quy di liéu chéo gdp 2016-2017 va dit liéu chéo gop ca hai giai doan
2016 — 2017 va 2015 — 2019 cho thdy mot thuc té 1a viéc thay d6i sang hinh thuc thi trac
nghiém cho moén Toan & ky thi tot nghiép trung hoc pho thong da lam han ché nghiém
trong kha nang hoc tap mon Toan & bac dai hoc ctia cc sinh vién. Viéc thi trac nghiém
moén Toan da khién cho gido vién va hoc sinh & bac phé théng day va hoc theo 16i rén
luyén ky nidng doan dap an, chon “c6 hodc khong” trong chdc lat rat ngan ngti dé d6i
ph6 véi ky thi. Cach day va hoc nhu thé da lam triét tiéu kha ning dién dat va tu duy
theo chiéu sau ctia nguoi hoc. Hau qua 1a ngudi hoc khong ty minh giai dugc mot bai
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toan, khong biét cach trinh bay 16i gidi ciia mot bai toan hay dién dat mot van deé sao
cho chat ché va mach lac.Trong khi d6, hoc toan nham bo6i dap mot nén tang vé tu duy
c6 chiéu sau va sy dién dat chat ché. Do cach day va hoc & cac truong trung hoc phé
thong theo kiéu déi phé nhu vay nén khi vao hoc & cac truong dai hoc, cac ban sinh
vién da thiéu di cai nén tang tu duy va dién dat néi trén. Diéu nay khong chi gay tac
hai khong nho cho viéc hoc mon Toan néi riéng ma con cho cac mon hoc khac & bac
dai hoc.
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MOT SO AP DUNG CUA BA DINH LY TRUNG BINH CO DIEN

Nguyén Trung Hiéu*
V6 Pitc Thinh*

Tém tat ndi dung

Céc dinh Iy gia tri trung binh ¢6 dién, bao gdom Dinh ly Rolle, Pinh ly Lagrange va
Dinh ly Cauchy déng vai trd quan trong trong Toan hoc va thudng duge xuat hién trong
cac Ky thi Olympic Toan hoc Sinh vién. Muc tiéu dau tién ctia bai viét nay 1a téng hop
va dé xuat mot so bai toan ap dung ctia cac dinh ly gid tri trung binh ¢ dién nay. Day la
nhiing bai toan da xuat hién hodc dugc gidi thiéu trong cac Ky thi Olympic Toan hoc Sinh
vién toan quéc trong nhiing ndm gan day. Ngoai cac ap dung trong Toan hoc, cac dinh
ly gia tri trung binh con c6 thé duge stt dung nhu mdt cong cu dé gidi thich va ching
minh cho céc hién tugng xuat hién trong doi séng thuc va trong moét s6 linh vuc khoa
hoc khac. Muc tiéu tiép theo ctia bai viét nay 1a gidi thiéu mot s6 vi du minh hoa cho viéc
ap dung ctia cac dinh Iy gia tri trung binh dé giai thich va chiing minh moét s6 két qua
trong vat ly va mot s6 bai toan c6 yéu t6 thuec té.

1 Ba dinh ly gia tri trung binh va mét s6 hé qua

Dé xay dung céac dinh ly gia tri trung binh, ta can bat dau tir mot (hodc mot sé) dinh
ly trude do. Cach tiép can thong thuong la st dung Dinh ly Fermat vé diéu kién can cho
cyc tri cia mot ham s6 kha vi lam tién dé xay dung cac dinh ly gia tri trung binh. Vi vay,
trudc tién, chiing t6i sé trinh bay cac khai niém vé cyc tri ciia ham sb.

Dinh nghia 1 (Cyc tri ciia ham s6). Gidst S C Rva f : S — R. Khi d6,

(i) Ham s6 f duoc goi la dat cuc dai tai ¢ € S néu 38 > 0 sao cho véi moi x € S thoa
man |x —c| < dtaco f(x) < f(c).

(ii) Ham s6 f duoc goi la dat cuc tiéu tai c € Snéu 36 > 0 sao cho vdi moi x € S thoad
man |x —c| < dtaco f(x) > f(c).

(iii) Cuc dai va cyc tiéu cia ham s6 f dugce goi la cuc tri cda f.

Dinh 1y 1 (Dinh ly Fermat). Néu f : [a,b] — R dat cuc tri tai c € (a,b) va f khd vi tai c thi

f'(c) =0.

*Truong Dai hoc Dong Thap
tTruong Dai hoc Dong Thap
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Chirng minh. Néu f dat cuc dai tai ¢ € (a,b) thi 36 > 0sao cho (c —J,c+ ) C (a,b)
vaVx € (c—96,c+96), f(x) < f(c). Gid st

0
xn:c—ﬂe(c—é,c).

Khi d6 x, — c va vivay
f/(c): lim f(xn)_f(c) >0
n—co Xy —C -
Bay gio, ta dat
0
yn:c+ﬂ€(c,c+5).

Khi d6 ta cé y, — csuy ra

Do dé f'(c) = 0.
Chitng minh cho trudng hop f dat cyc tiéu tai ¢ dugc trinh bay tuong tu. O

Pinh ly 2 (Rolle). Cho f : [a,b] — R la ham s6 lién tuc trén |a,b] va khd vi trén (a,b). Néu
f(a) = f(b), thi Ic € (a, b) sao cho f'(c) = 0.

Chung minh. Dat K = f(a) = f(b). Vi f lién tuc trén [a,b] nén 3c1,c2 € [a,b] sao
cho f dat gia tri 16n nhat tai c; va gia tri nho nhét tai c;. Néu f(c1) > K thic; € (a,b).
Do d6 f’(c1) = 0 theo Dinh ly Fermat. Tuong tu, néu f(cy) < K thic, € (a,b) vado dé
f/(Cz) =0. Néu

f(c1) <K< f(ea) = f(x) =KVx € [a,b] = f'(c) =0voimoic € (a,b).
O

Dinh ly 3 (Dinh ly Lagrange). Cho f : [a,b] — R la ham lién tuc trén [a,b] va kha vi trén
(a,b). Khi do 3c € (a,b) sao cho

f(b) = f(a) = f'(c) (b —a).
Chuy 1. Dinh ly Lagrange con dugc goi la Dinh 1y gid tri trung binh.

Chuang minh. Dinh ly Lagrange dugc chiing minh tir viéc ap dung Dinh 1y Rolle cho
ham s6 ¢ : [a,b] — R xac dinh béi

O
Cac dinh ly duéi day 1a mot s6 hé qua dugc suy ra tir Dinh ly Larange.

Hé qua 1. Néu f : I — R la ham khd vi trén khodng I C R ova f'(x) = 0 vdi moi x € I, thi f
lam ham hing trén 1.

Chung minh. Gid st a,b € [ véia < b. Khi d6 f lién tuc trén [a,b] va kha vi trén
(a,b). Do d6 Jc € (a,b) sao cho f(b) — f(a) = (b—a)f'(c) = 0.Suyra f(b) = f(a) véi
moi 4,b € I thod man a < b. Diéu nay c6 nghia la f 1a ham hang trén I. O
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Hé qua 2. Cho f : I — R lam mot ham khd vi vdi I la mgt khodng trong R. Khi do
1. f la don digu ting néu va chi néu f'(x) > 0vdi moi x € I.
2. f la don digu gidm néu va chi néu f'(x) < 0vdi moi x € I.
Chung minh.
1. (<= )Gidst f'(x) > 0v6imoi x € I. Ly a,b € I v6ia < b. Khi d6, tir Dinh ly
Lagrange, 3¢ € (a,b) sao cho

f) = f(a) = (b—a)f'(c) 20 = f(a) < f(b).

(=) Gia st f la ham tang. Lay c € I va {x,} 1a mot day trong I sao cho x, — ¢
Vn, x, < c. Khi d6, véi moin, ta cé f(x,) — f(c) <0 = w > 0.Do doé

n—

f/(C) — lim f(x”) —f(C) > 0.

n—00 Xn —C -

Gia st {x,} la mot day thod man I sao cho x, — ¢ Vn, x, > c. Khi d6 véi moi n,
flxy) = f(c) >0 = w > 0. Do d6

f/(c) — lim f(x”) —f(C) > 0.

n—00 Xy —C

Vi vdy trong ca hai trudng hop ta déu c6 f/(c) > 0.

2. Luu y rang f 1a don diéu gidm néu va chi néu — f 1a don diéu ting. Vi vay st dung
khéng dinh 1. v6i — f ta dat duoc khéng dinh 2.

d

Dinh ly 4 (Binh ly Cauchy). Gid sir f va g la cdc ham lién tuc trén [a,b] va kha vi trén (a,b).
Khi do, ton tai ¢ € (a,b) sao cho

Chirng minh. Néu g(b) = g(a) thi bsi Dinh 1y Rolle, ton tai ¢ € (a,b) sao cho ¢'(c) =

0. Do do ta co
§'(c)(f(b) — f(a)) = f'(c)(g(b) — g(a)) = O.
Néu g(b) # g(a) thi 4p dung Dinh Iy Rolle cho ham s6
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2 Mot s6 ap dung ctia ba dinh 1y gia tri trung binh

2.1 Ap dung cua ba dinh ly gia tri trung binh trong viéc giai mot
s0 bai toan Olimpic Toan sinh vién

Truée hét, ching toi tong hgp mot sb bai toan c6 ap dung cac dinh ly gia tri trung
binh c6 dién. Day la nhitng bai toan trong cac dé thi hoac duoc gidi thiéu trong cac Ky
thi Olympic Toan hoc Sinh vién toan qudc tir ndm 2013 dén ndm 2023.

Bai toan 1 (Dé thi Olympic toan sinh vién toan quéc ndm 2013, mén Gidi tich). Cho ham
f lién tuc trén [0,1], khd vi trén (0,1) va théa man f(0) = 0, f(1) = 1. Chitng minh ring ton

tai cic sé vhan biét " 7-021:3 kxy 2013 x 1007
ai cdc s6 phan bigt x1,xa, . . ., Xa013 540 cho = .
b k=1 f(xk) 2

Chiéng minh. Dat T = 1+2+3+--- +2013 = M;yk — % 5 RG rang véi
i=1
moi k = 1,2,...,2012 thi y; € (0,1). Vi f lién tuc trén [0, 1] nén t6n tai ¥ dé f (%) = .
Ta chi y rang do f(0) = 0 va f(1) = 1 nén ta c6 thé chon % # %1 (tham chi c6
thé chon % tang dan). Pat ¥y = 0; %013 = 1. ap dung lién tiép Dinh ly Cauchy cho
2013 doan [0, %1], [%1, %2], - - -, [%2012, 1] v6i cadc ham f va ¢(x) = x? ta tim dugc cac diém
X1 € (0, f1) , X2 € (fl,fz) ;.. X2013 € (fzolz,l) théa man

Fln) _fE)—fO) 2 2 In

2x1 ;% —02 - Tf/ (Xl)
flx) _ f(%)—f(%) 22 21
2x, B =61 = T £/ (x2)
f/ (x2013) _ f(l) f (XZ()]Z) _2 2 2013x5013
= 2 =1-%pn=xF7—-
2X2013 1= %501, T f' (x2013)
Cong lai ta dugc
2 2013 2013

kxk
Z E - 2 f/
T 203 kx,
2 S f ()
Bai toan 2 (Dé thi Olympic toan sinh vién toan qudc ndm 2015, mén Gidi tich bang A).
Cho f la mot ham nhdn gid tri thuc, xdc dinh va lién tuc trén [0,1]. Chitng minh rdng ton tai cdc
s6 x1,x2,x3 € (0,1) sao cho

Do do, O

0. Vivay, theo Dinh ly Lagrange,
x3). Mat khdc, 4p dung Dinh 1y
x) = x> ta suy ra sy ton tai ctia

Ching minh. Dat F(x) = [ f(y)dy. Ta thay F(0)
ton tai x3 € (0,1) dé F( ) F(1) — F(O) =F(x3) =
Cauchy cho ham F(x) lan lugt v6i cac ham g(x) = x2,¢
x1,x2 € (0,1) dé

U.)

0= I £ o
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F) - FO=FO) _ F(w) _ fx)

13 — 03 3x3 3x3

Két hop 3 dang thc trén, ta c6 diéu phai chitng minh. O

Bai toan 3 (Dé thi Olympic toan sinh vién toan quoc nam 2015, mén Giai tich bang B).
Cho f : [0,1] — R la mgt ham khd vi lién tuc. Chitng minh rﬁng ton tai cdc s x1, x2,x3 € (0,1)

sao cho , ,
f'(x1) +f (x2)
2

= f'(x3).

Chirng minh. Theo Dinh ly Lagrange, ton tai x3 € (0,1) dé f(1) — f(0) = f (x3). Mat

khac, 4p dung Pinh ly Cauchy cho ham f(x) lan lugt véi cac ham g(x) = x%,g(x) = 3
ta suy ra sy ton tai ctia x1,x € (0,1) dé
oy = L) =f0) _ f(x)
oy = L) =f(0) _ f(x2)
f(1) = £(0) = 13—-03 3x%
Két hop 3 dang thtc trén, ta c6 diéu phai ching minh. O

Bai toan 4 (Dé gidi thiéu ctia Truong DH Dong Thap nam 2015). Cho f la ham s6 lién tuc
trén R sao cho f(1) = 0. Chitng minh ring phuong trinh xf'(x) = (x — 2015) f(x) cé nghiém.

Chitng minh. Xét ham s6 /1(x) = x*"Pe~*f(x) v6i x € R. V§i moi x € R, ta c6
W (x) = x®*Me ¥ [2015f (x) — xf(x) + xf'(x)] .

Ta lai 6 h(0) = h(1) = 0,k 1a ham s6 lién tuc trén [0,1] va kha vi trén (0,1). Theo Dinh
ly Rolle, ton tai ¢ € (0,1) sao cho #'(c) = 0. Diéu nay suy ra xf'(x) = (x —2015) f(x) c6
nghiém trén (0,1).

Bai toan 5 (Dé thi Olympic toan sinh vién toan qudc ndm 2018, mon Gii tich bang A
1 1
vaB). Gidsit f : [0,1] — R la mgt ham kha vi sao cho / f(x)dx = / xf (x)dx. Chitng minh
0 0
Cc

riang ton tai c € (0,1) sao cho f(c) = 2018f/(c)/ f(x)dx. O
0

X X
Chung minh. Dat F(x) = x/ f(t)dt — / tf(t)dt. Ta c6 F 1a ham kha vi trén [0, 1]
0 0
va F(0) = F(1) = 0. Theo Dinh li Rolle, ton tai xo € (0,1) sao cho F'(xy) = 0, tic la
X
" F(t)dt = 0.
X
Dt G(x) = e~ 2018/() / f(t)dt. Ta cé G laham kha vi trén [0,1] va G(0) = G(xg) = 0.
0

Theo Pinh ly Rolle, ton te,;i ¢ € (0,xp) sao cho G'(c¢) = 0. Tir day, ta suy ra

F(c) = 2018f'(¢) /0 " F(x)dx.
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Bai toan 6 (Dé gidi thiéu cta Truong DH Dong Thap nam 2023). Cho f la ham s6 c6 dao
ham f' dong bién trén [0,2] va f(0) = —1, f(2) = 1. Chiing minh ring ton tai a, b, c phin biét
thugc [0,2] sao cho f'(a) f'(b)f'(c) = 1.

Chung minh.
Vi ham s6 f c6 dao ham f’ dong bién trén [0,2] nén f lién tuc trén [0,2]. Ap dung

5 2)—f(0
Dinh 1i Lagrange, ton tai ¢ € (0,2) sao cho f'(c) = f(;_g() =1
Xétham g(x) = f(x) +x —1vdix € [0,2]. Ta co g lién tuc trén [0,2] va
$(0)2(2) = —4 <0,

Do d6, theo Pinh 1i Rolle, ton tai xo € (0,2) sao cho g(x9) = 0 hay f(xo) = 1 — xo.
Ap dung Dinh 1i Lagrange, ton tai a € (0,x0) va b € (xo,2) sao cho

f,(ﬂ):f(x())_f<0): 1_x0+1:2_x0

XO—O X0 X0
" f(2) = f(xo)
2) — f(xg 1—-14xg X0
] _ I J—
f(b)_ Z—XQ - Z—XQ _Z—XQ.
2—x0 X0
! ! ! _ —
Suyra f'(a)f'(b)f'(c) = 1. o 2_xO—1. O

Tiép theo, chiing t6i gidi thiéu hai bai toan c6 4p dung dinh ly gia tri trung binh. Hai
bai toan nay 1a tdng quat ctia nhiéu bai todn da c6 trong mot so tai liéu tham khao.

Bai toan 7. Cho f la mot ham lién tuc trén [0,1] va khd vi trén (0,1), f(1) = 0 Ching minh
rang voi moi & € R, ton tai ¢ € (0,1) sao cho
af(c)+cf'(c) =0.
Chirng minh. Xét ham s6
F(x) = x"f(x) v6ix € [0,1].
Ta c6 F(x) lién tuc trén [0, 1], kha vi trén (0,1) va
F'(x) = ax® L (x) + x"f'(x).

Mt khéc ta c6 F(0) = F(1) = 0. Theo Dinh ly Rolle, ton tai ¢ € (0,1) sao cho F/(c) = 0.
Do do6
ac" Hf(c) +cf'(c) = 0.
Do c # 0néntacéaf(c) +cf'(c) = 0. O
Tir Bai toan 7, véi nhirng gia tri a cu thé ta nhan dugc cac dang bai toan khac nhau.
Chéng han vGi « = 2023 ta dugc Bai toan 8 sau:

Bai toan 8. Cho f la mgt ham lién tuc trén [0,1] va khd vi trén (0,1), f(1) = 0 Ching minh
ring ton tai c € (0,1) sao cho
Con
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Bai toan 9. Cho u(x) va v(x) la hai ham s lién tuc trén [a,b] va khd vi trén (a,b) sao cho
u(a) = v(b) = 0. Ching minh rang ton tai c € (a,b) sao cho v'(c)u(c) + u'(c) = 0.

Ching minh. Nhén thay rang néu vao hai vé ctia dang thiic can ching minh véi €/()
thi vé tréi ctia dang thiic cAn ching minh 12 dao ham ctia ham s6 F(x) = et®u(x).

Do d6, ta xét ham s6 F(x) = e*Mu(x) v6i x € [a,b]. Ta c6 h 1a ham s6 lién tuc trén
[a,b], kha vi trén (a,b) va h(a) = h(b) = 0. Theo Dinh li Rolle, ton tai ¢ € (a,b) sao cho
F'(c) = 0. Do d6

' ()@ u(c) + i’ (c) = 0.

Suy ra v'(c)u(c) +u'(c) = 0. O
Tir Bai toan 9, cho u(x) va v(x) 1a cdc ham cu thé thi ta nhan dugc nhiing dang bai
toan khac. Chang han nhu cho u(x) = f(x),v(x) = & € R ta dugc Bai ton 10 sau.

Bai toan 10 ([3], tr.45). Cho f la ham s6 lién tuc trén [a, b] va khd vi trén (a, b) sao cho
f(a) = £(b) =0.
Chitng minh ring véi moi o € R, ton tai ¢ € (a,b) sac cho af (c) + f'(c) = 0.
Tir Bai toan 9, cho u(x) = f(x),v(x) = —x, ta dugc Bai toan 11 sau.
Bai toan 11 ([1], tr.48). Cho f(x) la ham s6 lién tuc trén [0,1], khd vi trén (0,1) vi
f(0)=f(1) =0.
Ching minh ring ton tai c € (0,1) sao cho f'(c) = f(c).
Tir Bai toan 9, cho u(x) = xf(x),v(x) = —x ta dugc Bai toan 2.35 sau.

Bai toan 12 (2, tr.199). Cho f(x) lién tuc trén [0, a], kha vi trén (0, a) sao cho f(a) = 0. Ching

minh ring ton tai c € (0,a) dé f'(c) = f(c)cz
Tir Bai toan 9, cho u(x) = f(x) + f'(x),v(x) = —x bé sung mét sd diéu kién can thiét

dé ap dung dugc Dinh ly Rolle, ta nhan duoc Bai toan 13 sau.
Bai toan 13. Cho f(x) la ham khd vi lién fuc dén cdp hai trén [a, b), sao cho
f(a) = f(b) = f'(a) = f'(b) = 0.
Chitng minh ring ton tai c € (a,b) sao cho f"(c) = f(c).
Tir Bai toan 9, cho u(x) = [;° f(t)dt va v(x) = —x b3 sung mot s6 diéu kién can thiét
dé 4p dung dugc Dinh li Rolle, ta nhdn dugc Bai toan 14 sau.
Bai toan 14 ([4], tr.24). Cho f lién tuc trén [a,b] va fubf(x)dx = 0. Ching minh rang, ton tai
¢ € (a,b) sao cho [* f(x)dx = f(c).
Tir Bai toan 9, cho u(x) = [ f(t)dt fcb ¢(t)dt va v(x) = —x bd sung mot s6 diéu kién
can thiét dé 4p dung dugc DPinh 1i Rolle, ta nhan dugc Bai toan 15 sau:
Bai toan 15 ([4], tr.25). Gid sir f va g la cdc ham lién tuc vd khong am trén [a, b]. Chirng minh
rang, ton tai c € (a,b) sao cho
IO (I
Jo f(x)dx . g(x)dx
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2.2 Ap dung cta ba dinh ly gia tri trung binh dé giai thich va
ching minh mét so hién tugng va bai toan co yeu to thuc te

Mot s6 hién tugng (bai todn) xuat hién trong doi sébng duoc hau hét chung ta thira
nhan nhung khong phai ltic nao ching ciing dugc chitng minh mét cach chac ché. Trong
phan nay, ching t6i sé st dung cac dinh ly gid trj trung binh dé gii thich hoac tim 15
gidi cho mot s6 hién tugng (bai toan) xut hién trong doi séng. Trudc tién, ching toi gidi
thiéu hai bai toan rat quen thudc (trong vat ly) nhu sau.
Bai toan 16. Trong chuyén dong déu, tai méi thoi diém, vt sé chuyén dong mot quang duong
bing nhau sau mot khodng thoi gian nhu nhau.

Ching minh. Gia sit ham chuyén dong cta vat theo thdi gian la f(t) voi thoi gian
t € [0, T]. Vi chuyén dong déu nén ham f lién tuc trén [0, T| va kha vi trén (0, T). Hon
nita ham van téc cta vat, f/(), 1a ham hang, nghia 1a f'(t) = ¢ v6i moi t € [0, T]. Gia st
t1, tp 1a hai thoi diém bat ky. Gia st t( la khoang thoi gian bat ky, ta sé chirng minh

f(ti+to) — f(t1) = f(ta+to) — f(t2).

That vay, theo Dinh ly Lagrange, ton tai f; € (t1,t +tg) va F, € (t2,t2 + t) sao cho

F(R) = fltit+to) = f(h) _ f(li+to) = f(H)

(1 +t) —t to
va

F(B) = flta+to) = ft) _ flta+to) = flta)

(t2+f0) — b to
Vi f'(f1) = f'(f2) = cnén
fltitto) = f(h) _ f(t2+to) — f(t2)

to to
Diéu nay suy rarang f(t1 +to) — f(t1) = f(t2 + to) — f(t2). O

Bai toan 17. Trong chuyén dong déu, quang duong di duoc bang vdn téc nhan véi thoi gian ciia
chuyén dgng.

Chirng minh. Gia sit ham chuyén dong cda vat theo thdi gian 1a f(#) vdi thoi gian
t € [0, T]. Vi van toc la khong ddi trong toan bo thai gian chuyén dong nén ta c6 thé gia
st ham van tbc 1a f'(t) = v(t) = c véi moi t € [0, T]. Dinh nghia ham g(t) := f(t) — ct
véit € [0,T]. Khi d6 ta ¢6 ¢'(t) = f'(t) —c = 0véimoit € (0,T). St dung BPinh
ly 17, ta c6 g(t) 1a ham hang nghia la g(t) = m v6it € (0, T). Vi chuyén dong déu nén
ham f (va do d6 g) 1a lién tuc trén [0, T]. Diéu nay suy ra g(0) = lim,_o+ g(t) = m va
g(T) =lim;_p- g(t) = m.

Mac khag, tir dinh cua g ta ¢6 ¢(0) = f(0) — ¢.0 = 0. Suy ra m = 0. Vi vay

f(t) —ct =g(t) =0
voimoit € [0,T] vado dé f(t) = ctvéimoit € [0, T]. O

Trong Vit ly, thong thu’ong ngu’oﬂ ta sé s dung cac phuong phap mo phong thuc
nghiém két hop théng ké dé khang dinh két luan ctia cac Bai toan 16 va 17. O day, ching
t6i chitng minh ching dudi géc nhin ctia Toan hoc dé cho thay su chic ché va thuyét
phuc. Cac bai toan sau day ciing la cac hién tugng trong thuc té c¢6 thé duge chiing minh
bang cac dinh ly gia tri trung binh.
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Bai toan 18. Hai nguoi cing di chuyén tir thanh phd A dén thanh phd B theo hai con duong khic
nhau nhung c6 c6 d dai bang nhau. Ho xudt phdt cing lic va cing dén noi cung lic. Chiing
t6 ring, trong qud trinh di chuyén, cé it nhdt mot thoi diém, cd hai nguoi di vdi cing vin téc
néu biét rang phuong trinh chuyén dong ciia hai nguoi trén quang duong tir A dén B la cdc ham
kha vi.

Chung minh. Gia st f, g la cdc ham quang duong di dugc theo thoi gian cta hai

ngudi va [0, T] 1a khoadng thoi gian hai nguoi di chuyén tir A dén B. Ap dung Dinh ly
Cauchy cho hai ham s f va g, ta khang dinh ¢6 t; € (0, T) sao cho

§'(to) (F(T) = £(0)) = f'(to)((8(T) — 8(0)).

Vi f(T) = g(T) va f(0) = g(0) nén ta cé g’ (tg) = f'(to). Vay tai thoi diém t( ca hai ngudi
6 cling van toc. O

Bai toan 19. C6 hai 6t6 xudt phdt cung mot lic, chay nguoc chiéu nhau trén doan duong AB.
Biét ring cd hai 6t6 dén dich cung thoi diém. Chitng minh rang trong qud trinh chay, cd thoi diém
hai 6t6 cd ciing vin téc nhung nguoc chiéu nhau.

Chirng minh. Gia st 6t6 1 1a 6t6 xuat phat tir A va 6t 2 1a 6t6 xuat phat tir B. Goi
f(t),g(t) 1an luot 1a ham khoang cach tir A dén hai 6t6 theo thoi gian t. Khi d6 ham s6
quang duong di dugc theo thoi gian ctia haila f(t) vas — g(t), trong d6 s la do dai quang
duong AB. Gia st T la thoi gian hai 6t6 di hét quang duong. Dat h(t) := f(t) — g(t) +s.
Khi d6 ta c6 h(0) = s,h(T) = s. Ap dung Dinh ly Rolle ta c6 su ton tai ctia mot diém
c € (0,T) sao cho K (c) = 0, nghia la f'(c) = ¢’(c). Chi y rang ham s6 van toc ctia 6t6 1
va oté 2 1an lugt la vy (t) = f'(t) va va(t) = —¢'(t). Do d6 tai thoi diém c hai 6t6 c6 cling
do6 16n veé van toc nhung ngugc chiéu nhau. O
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SOME PROBLEMS INDUCED BY CAUCHY FUNCTIONAL
EQUATIONS

Nguyen Thuy Trang
Nguyen Quang Dieu high school for the gifted, Dong Thap province

Tém tat ndi dung

In this paper, we propose three ways to exploit the original problem: exploiting the
assumptions of the problem, exploiting Cauchy’s functional equation in the extended
direction, and exploiting a class of problems derived from Cauchy’s functional equa-
tions. These exploitative directions are presented in 15 problems related to Cauchy’s
functional equations, and we have arranged them in order of inheritance and develop-
ment of each other.

1 PRELIMINARY

Functional equations are one of the most interesting and difficult topics in elementary
math. In the Mathematical Olympiad competitions at regional, national, and international
levels, problems about functional equations are usually presented. These problems are often
difficult or even very difficult. Therefore, the organization of teaching for this content should
also be considered and researched. How can we take advantage of the available time to
teach functional equation topics effectively? That has always been a question that we, the
companions of the math team at Nguyen Quang Dieu High School in the past few years,
have always wondered about.

During the teaching process, we realized that the "original problem" model is really the
key to solving these difficulties. Through this, the teacher will cleverly organize a lesson
in which the students are very excited to find out for themselves the beautiful results of a
certain starting problem. Cauchy’s functional equations play an important role in functional
equations, and this is an interesting result that can be taught with this model. Many func-
tional equations can be solved neatly by converting them to Cauchy’s functional equations.

To help students learn the topic of functional equations well by knowing how to exploit
the original problem to solve related problems and at the same time form positive, proactive,
and creative thinking in them, we boldly chose to research the topic.
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2 Main results

First, we would like to present some specific teaching activities to help students discover
new problems from the original problem "Cauchy’s functional equation".

2.1 Introduction to the original problem

Problem 1. The original problem (Cauchy’s functional equation).

Find all functions f such that they continue on R and satisfy
flety) =flx) + fy) vy € R )

Solution. Assume that f is a solution of the problem. Since the assumption f is additive
and by induction, we have f(nx) = nf(x), Vx € R,Vn € IN*. Since (*), replace x = y = 0,
we get 2f(0) = f(0), lead to f(0) = 0. Continue to replace y = —x, we have 0 = f(0) =
f(x) + f(—x) therefore f(—x) = —f(x) and f(x) is odd function. Which implies that n €
IN*, f(—nx) = —f(nx) = —nf(x). Hence f(nx) = nf(x),Vx € R,Vn € Z.

Here, we replace x = %, we have f(1) = nf (%) or f (%) = %f(l),Vn € IN*. Therefore,

Vm € Z,n € IN*, we obtain f (%) =mf (%) = %f(l).This shows f(x) = x.f(1),Vx € Q.

On the other hand, for all xy € IR, since Q is dense on R so there exits (x;) for x, € Q such
that lim x,, = xo. Since f continue on R lead to lim f(x,) = f(xo), and lim [f(1).x,] = f(x0),
thatis f(xg) = axg,Vxp € R (a = f(1)). Hence f(x) = ax,Vx € R.

After students understand and master the content as well as how to prove the problem,
teachers guide them to explore some of the following problems.

2.2 Directions to exploit the original problem

2.2.1 The first direction: Exploiting the hypothesis of problem

Method 1. Still retain the properties of the additive function but replace the above con-
tinuity assumption with one of the following assumptions

1. f(x) continue at xg € R (Problem 1.1)
2. f(x) monotone on R (Problem 1.2)
3. f(x) >0,Vx e R (Problem 1.3)
4. f(x) monotone on [a;b] C R (Problem 1.4)

In the following, we would like to provide specific solutions for each problem.
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Problem 1.1. Find all functions f such that they continue on R and satisfy
flety) = fx)+f(y) Ve, y € R
Solution. Indeed, for each x; € IR, by f is additive, we have

f(x)=f(x —x1+x0)+ f(x1) — f(x0),Vx € R.

This and f is continuous at xp € R,

lim f(x) = lim [f(x — x1 4+ x0) + f(x1) = f(x0)] = f(x0) + f(x1) = f(x0) = f(x2)-

X—X1

So f is continuous at x; and since x; is arbitrary, therefore f is continuous on R.

Problem 1.2. Find all functions f such that they monotone on R and satisfy
flety) =flx) + fy) oy € R

Solution. Since f is additive function on R by the above proof, f(x) = ax,Vx € Q. For
each xp € R there exits two sequences (x;), (v,) satisfy

1. x, €Q,y, €Q,Vn € N*

2. Xn < X() < yn

3. limx, = xp and limy, = xg

Suppose that f monotones on R. Then f(x,) < f(x9) < f(yn). Thereby implying that

ax, < f(xo) < ayu, lead to limax, < lim f(x9) < limay,, thatis axgp < f(xo) < ayp.
Therefore f(xg) = axp, Vxy € R. Hence f(x) = ax,Vx € R.

Problem 1.3. Find all functions satisfying f(x) > 0,Vx > 0 and
flety) =flx) + f(y), vy € R

Solution. For all arbitrary x,y belong to R, and assume that x > y, then x —y > 0.
Which implies f(x —y) > 0. We have f(x) = f(x —y) + f(y) > f(y) thatis f is monotone
increasing function on R. By Problem 1.1, we have f(x) = ax,Vx € R.

Problem 1.4. Find all functions f such that they monotone on [4, b] and
flety) =flx) + f(y), vy € R

Solution. This expands on Problem 1.2. Since f is monotone on [a; b], we will prove that
b—a

> > 0.

f is monotone on R. Suppose that f monotone increasing on [a; b] . Putting a =
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2
f (y _ A —; b) . Thereby implying f(x) > f(y),Vx,y € [—a;a]. As f(0) = 0, thereby yield-

Assume x > y is arbitrary on [a;b]. As f increase on [a;b] lead to f (x _at b) >

ing f(x) > 0, Vx € [0;a]. For x > y, putting k = {%} . Which implies that k € N, for all

x,y are arbitrary on R, we have x —y = ka +t, t € [0;a]. As f is an additive function, so

f(x) = fy) = flx —y) = flka) + f(t) = kf(a) + f(2) = 0.

Therefore f incresing monotone on R.

Problem 1.5. Find all functions f such that they are bouned on [c; d] and satisfy
flety) =flx) + fy), vy e R

Solution. Let x € R be arbitrary. Then for each n € IN, there exits r, € Q depends on n
and x, such that nx —d < r, < nx — ¢, implies to f(nx —ry) is bouned by ¢ < nx —r, < d.
We have

[f(nx = ra)| = [f(nx) + f(=rn)| = |nf(x) —arn| = [n(f(x) — ax) +a(nx —1y)|
¢ > n|f(x)—ax| — |a(nx —ry)|. Thereby yielding |f(nx—r,)| + |a(nx —rn)| >

n \f_(x) —ax|. But |a(nx —r,)| < max{|ac|,|ad|} and f(nx — r,) is bouned for all
n € N lead to n|f(x) — ax| also is bouned for all n € IN. This occurs if f(x) —ax = 0. Hence

(x) =ax,Vx € R.

—

Method 2. Replace f: R — Rby f : Q — Q, we could remove the continuous hypothe-
sis of f.

This activity aims to train students’ logical thinking from the point of view that moves
from considering discrete to continuous functions.

Remark. According to the properties of the additive function, all of the above problems
lead to the same result: f(x) = x.f(1),Vx € Q, this that f(x) = ax,Vx € Q. To lead to the
final solution f(x) = ax, Vx € R in each problem, we will pay attention as follows

1. Using the properties of additive functions, we can reduce problem 1.1 to the original
problem, that is, we can prove that when f(x) is continuous at xg € R then f is contin-
uous on RR.

2. On the other hand, in problem 1.2, by the monotone increasing assumption on R and
using the properties of sequence, we can obtain the solution.

3. Problem 1.3 can be converted to problem 1.2 thanks to the assumptions and properties
of the additive function.

4. Problem 1.4 is the inheritance of the results of problem 1.3, which leads to problem 1.2.

5. In problem 1.5, it is necessary to apply the boundedness of the function on an interval
to find the solution.
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2.2.2 The second direction: Exploiting Cauchy’s functional equation by extension

Method 1. Putting the relation of the above function through logarithmic calculation.
That is, replacing f(x) by In (f(x)), we have

Inf(x+y) =Inf(x) +1Inf(y) = In(f(x)-f(y)),

Thatis f(x +y) = f(x).f(y),Vx,y € R. Then teachers can propose the following problem
to students.

Problem 2. Find all functions f such as they are continuous on R and satisfy

flx+y)=f(x) f(y),Vx,y € R

Solution. It is clear that f(x) = 0 is a solution of Problem 2. Considering case f(x) # 0.
Then, there exits xp € R such that f(xy) # 0. By the additive function,

f(x0) = F(x + (0 — %)) = f(x).f(x0 — x), £ 0, Yz € R

. X X x\1? .
Thereby fielding f(x) # 0,Vx € Rand f(x) = f (5 + E) = [f <§>] > 0,Vx € R. Letting
In f(x) = g(x). Then, f(x) is continuous on R and

gx+ty)=Inf(x+y)=In[f(x)f(y)] =Inf(x) +Inf(y) = g(x) +g(),Yx,y € R.

By Problem 1 (Cauchy’s functional equation) then g(x) = bx a € R thatis f(x) = e'* = a*
v6i a = e’, any arbitrary a > 0. Checking again, this function satisfies the above problem.

Method 2. Replace x by ¥, we get f (e¥TY) = f(e¥) + f(e¥) thatis g(x +v) = g(x).g(v),
where ¢(x) = f(e¥) and g(x) are Cauchy’s functional equation. On the other hand, as
f(eY) = f(e*) + f(e¥) leads to f(e*.e¥) = f(e*) + f(e¥). Replace ¢ by x, we gain
f(xy) = f(x) + f(y). This relationship with Cauchy’s relation interacts by raising the power
of the variable. However, raising the power of a variable has the condition that the value
of the variable must be positive. If one variable is zero, then the problem becomes easy
with the result being f(x) = 0. If both variables are positive, the problem is converted
to Cauchy’s functional equation by raising the variable to a power. If both variables are
negative, the product xy is positive, so it is reduced to the case that both variables are
positive. From there, we have the following problem.

Problem 3. Find all functions f such as they are continuous on R\{0} and satisfy
flay) = f(x) + f(y), Ve, y € RA\{O}.
Solution. Suppose x = y = 1. Since the assumption lead to f(1.1) = f(1) + f(1), equiv-

alent f(1) = 2f(1) thatis f(1) = 0. We have again, for x = y = —1 then f(—1) = 0. On the
other hand, let y = —1, we get f(x) = f(—x),Vx € R. Therefore f is an odd function.
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1. Suppose x,y € RY, putting x = e*, y = €%, f(e') = g(t). Then g(u +v) = f(e"*?) =
fle".e’) = f(e*) + f(e’) = g(u) + g(v), Yu, v € R. By the result of Cauchy’s functional
equation, we get ¢(t) = at, implying to

f(x) =alnx,Vx e Rt,a € R.

2. Suppose x,y € R™ then xy € RT. Let y = x, by result of the above part, we have
1

f(x) = Ef(xz) = %alnx2 = aln|x|,Vx € R™,a € R is defined in the above. Hence
for all x € R\ {0} then f(x) = aln |x| with arbitrary a € R.

Checking again, this function satisfies the above problem. So, solution of problem 3 is
f(x) =aln|x|,Vx € R\ {0}, with arbitrary a € R.

Method 3. Since f(x +vy) = f(x) + f(y) raising the variable to power of ¢ we have

f(eTY) = f(e*).f(e¥) thatis f (e*.e¥) = f(e*).f(e¥) and g(xy) = g(x)g(y). Obviously, the
problem has an immediate solution if the domain does not contain zero. Next, we have the
following problem.

Problem 4. Find all functions f such as they are continuous on R\ {0} and satisfy

flxy) = f(x) - f(y),Vx,y € R\{0}

Solution. Replace y in the assumption by 1, we have f(x)(1 — f(1)) =0,Vx € R.
Case 1. f(1) # 1 then f(x) = 0,Vx € R. This solution satisfies the problem.
Case 2. f(1) = 1. Then

f) =5 (x3) =s0f () ¥ e R},
Which implies that f(x) # 0,Vx € R\ {0} . Therefore

f(3%) = fF(0)f(x) = [f(x)]* > 0,Vx € R\ {0} .

1. Considering for all x,y € RT, putting x = e*, y = ¢’ and g(t) = f(e'). Then, g(t) is
continuous on R and ¢(u +v) = g(u)g(v), Vu,v € R. By Problem 2, ¢(t) = a!, Vt € R,
arbitrary a > 0 and this leads to f(x) = f(e") = g(u) = a* = a™* = " = x* Vx ¢
R™, where & = Ina.

2. Considering for all x,y € R~ then xy € RY.

Suppose y = x then since the assumption and the above result, we get [f(x)]> =
f(x?) = (x?)%, Vx € R™,a € R was defined the above part.

As f(x) # 0,Vx # 0 and f(x) are continous on R~ so f(x) = |x|*, Vx € R* or
f(x)=—|x|",Vx e R".

Checking again, we have the conclusion
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1. f(x) =0,Vx € R\ {0}.
2. f(x) = |x|*,Vx € R\ {0}, arbitrary « € R

« +
3. f(x) = { JTL\&vngERIR_ , arbitrary « € R

Problem 5 (Jensen’s functional equation). Find all functions f such as they are continu-

ous on R and satisfy
() - M) e

2

Solution. Putting ¢(x) = f(x) — f(0). We have g(x) is continuous on R where g(0) =0

and (222 - o) 430
. g0 )

> > ,Vx,y € R.

Taking y = 0 va x = 0 respectively. Thereby leading to

() -5 (f) - SPLmyen
£ (15) = 50 S s () = 5(3) 5 (§) < Rty
yielding

glx+y) =g(x)+8y) vy € R.
Since g(x) is continuous by Problem 1 (Cauchy’s functional equation), we have

g(x) =ax,¥x € R,a € R.
Which implies that f(x) = ax + f(0) = ax+ b, véi b = f(0).

Checking again leads to the solution of Jensen’s functional equation f(x) = ax +b,Vx € R,
arbitrary ab € R.

2.2.3 The third direction: Exploiting a class of problems derived from Cauchy’s func-
tional equation

Problem 6. Find all functions f such as they are continuous on R and satisfy
flety) =fx) + fy) + f(x)fy) ¥,y € R.
Solution. We have f(x +y) +1 = (f(x) +1)(f(y) +1). Letting g(x) = f(x)+1,

implies that g(x +y) = g(x)g(y). By the result of Problem 2, we have g(x) = a*. Therefore,
f(x) =a* —1, arbitrary Vx € R.

Problem 7. Find all functions f such as they are continuous on R and satisfy

flx+y)=f(x)+f(y)+ f(x)f(v), Vx,y € R.
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Solution. We rewrite the given functional equation

) +£) £ () = 5 [ 49— (24P

This is equivalent
L L 1 2
f) + 355+ f(y) + 5y = f(x+y) + 5(x +y)
Putting g(x) = f(x) + %xz, we get ¢(x) that is continuous on R satisfy

g(x)+g(y) =glx+y),Vx,y € R

1
So, by Problem 1, we have g(x) = ax. Thereby leading f(x) = —Exz + ax, arbitrary Vx €
R,a € R.

1
Checking again, we obtain that f(x) = —Exz + ax satisfy problem.

Problem 8
Suppose a € R, find all functions f such as they are continuous on R and satisfy

f(x—y) = f(x) = f(y) +axy,Vx,y € R.

Solution. As f(1) = f(1—-0) = f(1) — f(0) +0 = f(1) — f(0) implies that f(0) = 0.

Therefore
f0)=f1-1)=f1)-f(Q)+a=a=0
We rewrite
flx—y)=fx) = fy),vx,y e R
This implies that

f)=flcty—y)=flx+y) = fy)
Lead to f(x +y) = f(x) + f(y). Hence f(x) = ax,Vx € R.

Problem 9. Find all functions f such as they are continuous on R and satisfy

£(2) = s - s vxy e R

x
Solution. Putting — = f, that is x = yt, replace x in assumption by yt we have

f(t) = f(ty) — f(y) t]lllat is f(ty) = f(t) + f(y). By the result of Problem 3, we obtain
f(x) =alnx,Vx € R",a € R.

Problem 10. Find all functions f such as they are continuous on R and satisfy
fle+fly)) =2y + f(x), Vx,y € R.
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Solution. Let x = 0, we have f(f(y)) = 2y + f(0). It is clear that f is one to one on
R. Then, taking x = y = 0, we have f(f(0)) = f(O) so f(0) = 0. Therefore f(f(y)) = 2y,
vy € Rand 2f(y) = f(f(f(y))) = 2f(y) + f(x) = f(2y) + f(x),¥x,y € Rthatis f(x +y) =
fx) +f(y), Ve y € R.

I have again, f is continuous on R so f(x) = ax, Vx € R. By combining this with
f(f(y)) = 2y, we obtain a = 4+/2. Checking again, we conclude f(x) = v2x, Vx € R
or f (x) = —\/Ex, Vx € R. Note: in Problem 10, we can replace 2 by arbitrary k2 € R. The
general method to solve the above problems is to solve the functional equations on the sets
of numbers IN, Z, Q step to step, then use the continuity of the function to convert the limit
calculation and solve the functional equation on RR. The transformation of proofs in prob-
lems on the sequence of sets of numbers N C Z C Q C R is made possible through some
results of the following number theory:

1. Every rational number can be uniquely represented as a simplified fraction.

2. Every real number is the limit of a fundamental sequence of rational numbers.

3 Some application exercises

Exercise 1. Find f : R — R such as it is continuous and satisfy
flety) = flx) + fy) +xy(x +y), Ve, y € R

3
Hint. Putting f(x) — % = g(x),Vx € R.

Exercise 2. (Balkan 2000) Find f : R — RR satisfying
fxf(x) + f(y)) =y + ()] Y,y €R.

Hint. Show f(0) = 0, f(f(y)) = y. Then prove f is additive and [f(x)]?> = x2. Then,
considering cases f(1) = 1 or f(1) = —1. Corresponding to these cases are the solutions
f(x) =x,Vx € Rand f(x) = —x,Vx € R.

Exercise 3. Find g : R — R satisfying
glx+y) +g(x)g(y) = g(xy) +g(x) +g(y), Vx,y € R.
Hint. Find f different from two trivial solutions f(x) = 0 and f(x) = 2. Show

g(x+y) = g(x)+g(y),Vx,y € Q and f(x) is odd function. Then prove g (¥?) = [g(x)]>.
Here, it is clear, and the solution is f(x) = x,Vx € R.

Exercise 4. (Viet Nam 1999) Suppose f : [0,1] — R is continuous and satisfy

(D). £(0) = fF(1) =0,
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2x +y

(ii). For all x, y € [0,1] we have 2f(x) + f(y) = 3f< > . Prove f(x) =0,Vx € [0,1].

Hint. Replace (x,y) = (0,1) implies f <1) = 0.

\_/
I
e

Replace (x,y) = (1,0) implies f <

Replace (x,y) = (O,%) implies f (é) = 0.
Replace (x,y) = (%,O) implies f <§) = 0.
2 : 4
Replace (x,y) = (§,O> implies f <§) = 0.
Replace (x,v) (%,1) implies f <g) =0.
Replace (x,y) = (1 5) implies f <g) =0.

Similar to above, using (ii), we can show by induction f <i> = 0,a,n € IN. Since the set

of all rational numbers has the form — 307 ,a,n € NN it is dense in the interval [0,1]. Hence
f(x)=0,vx € [0,1].

Exercise 5. Find all f(x) such that they is defined on R and satisfy
flla+Dfy)] =ylf(x) +1],Yxy € R.
Hint. Show f(0) = 0, f(—=1) = —1,f(1) = 1. Then show f is multiplicative and f is
additive.

Exercise 6 (THTT). Find f : (0, +00) — R such that they is differentiable at x = 1 and
fxy) = Vxf(y) + Vif(x),¥x,y > 0.

: . f(x)
Hint. Putt =—2-,Vx >0.
int. Putting g(x) NG X
Exercise 7 (IMO 1989, Shortlist). Find all numbers a such that exist f : [0,1] — R is
continuous and satisfy f(0) =0, f(1) =1 and

F(35Y) —a-af@ rerm o< x <y <

1
Hint. Show f (%) =a,f <411) =a?, f (Z) =2a—a?% f (E) = 3a% — 2a%. Therefore, we

1 1
have 342 — 243 =4 suyraa € {O, 5 1 } Next, we consider each case. This leads to a = 5
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Exercise 8. (IMO 2002) Find all f : R — IR satisfying
(f(x) +f(2)(f(y) + f(8)) = flxy —zt) + f(xt +yz), V¥, y,2,t € R.

Exercise 9. (IMO 2004, Shortlist) Find all f : R — R satisfying
(P4 +2f(x)) = [fx +y)2 ¥xy €R
Exercise 10. (IMO 2005, Shortlist) Find f : R — R satisfying

flx+y)+f(x)f(y) = f(xy) +2xy +1,Vx,y € R.

Hint. The solution is f(x) = 2x —1,f(x) = —x—1 f(x) = x> = 1,Vx € Ror f(x) =
x2—1,Vx € R.

4 Conclusion

We apply the original problem model throughout the process of training a team of ex-
cellent students in the courses at Nguyen Quang Dieu High School for the gifted. Indeed,
with this teaching method, lessons are always full of excitement. Students gradually gain
knowledge about functional equations confidently and creatively.

Due to time reasons, we can only present some problems that begin with the original
problem, which is Cauchy’s functional equation. We believe that you will find other new
applications of this equation.
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PHEP PEM CO BAN

Nguyén Xuan Thu
THPT Chuyén Nguyén Dinh Chiéu, Pong Thap

Tém tat ndi dung

Phép dém la mot khai niém rat so khai va co ban cta t6 hop, 1a nén tang dé hinh
thanh cac ky thuat dém nang cao. Vi thé viéc giang day phép dém co ban déng vai tro
tién dé va quan trong d6i véi hoc sinh. Phép dém thuong dugc giang day sau khi day vé
cac nguyén li co ban trong t6 hgp.

Céc phuong phap dém, s6 phan tir cia mot tap hop

PP1. Dua vao cac tinh chat ctia phan ti trong tap hop. (dung hai quy tac dém, cac
cau hinh co ban hoén vi, chinh hop, t6 hgp hodc két hop cac déi tugng nay lai véi nhau).

PP2. St dung song anh.

PP3. Qui nap (truy hoi, chi st dung dugc khi s6 phan tir can dém phu thudc 1 hodc
nhiéu bién nguyén duong | X| = S(n),S(m,n),...).

Thong thuong ta thi tim ra mot s6 dbi tugng thoa man hodc giai bai toan véi cac
truong hop nho, quan sat phat hién cac dac diém, tinh chét, cdu hinh quen thudc tir d6
chon chién lugc giai phit hop.

1 Hai quy tac dém

Quy tic cong Cong viec A c6 thé tién hanh theo 1 trong k phuong é&n
A 1LLA...2,...,A. .k

A ...1c6 thé thuc hién theo n. .. 1cach.

A ...2 c6 thé thuc hién theo 1. .. 2cach.

A ...k c6 thé thuc hién theo . . . k cach.

Khi d6 tong s6 cach dé thuc hién dugc cong viec lan...1+n...2+ - +n...k =
y...i=1%1...icach.

Céch phat biéu 2 Cho k tap hop khac rong d6i mot khong giao nhau
A...1,A...2,...,A. .k Khid6|A...1UA...2U---UA.. .k|=%...i=1"A...i|.
Bai toan 1. Tim s6 hinh vuéng c¢6 canh nam trén cac luéi trong bang 4 x 4.
Loi gidi. Goi S la tap cac hinh vudng trong bang 4 x 4 va S.. .k la tap cac hinh vuéng nam
trong bang 4 x 4 c6 canh bang k véi k = 1,2,3,4.Khidé6 |S| = |S...1|+S...2|+]S...3| +
|S...4
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Tac6|S...1| =16,]S...2| =9,|S...3| =4,[S...4/ =1.
Do d6 [S| =16+ 9+ 4+ 1 = 30.

Bai toan 2. Tim s6 cac cdp c6 thit tu (x;y) cac s6 nguyén thod man x> +y% < 5.

Loi gidi. Moii = 0,1,2,3,4,5tadatS...i = {(x;y) x>+ y* =i } khi d6 tap can tinh sb
phan t sé 1a hgp roi rac ciia cac S ... . 7.

Bang phuong phap liét ké

S...0={(0,0)} =1S...0/=1.

S...1={(1,0),(1; ),(0, 1),(0;1)} = [S...1| =4
S..2={(11),(1;-1),(-L1),(~-1;~-1)} = |S...2| =4
S...4={(0;2),(20),(0;—2),(~20)} = |S...4] =4

S...3] =0

§...5={(21),(2-1),(-21),(-2-1),(-12),(-1,-2),(1;2), (L -2)} = |S...5| =

Vay s6 cip thda man bai toan 1a 21.

Quy té/C cong vi thé st dung trong cac tinh huéng ta phai phan truong hgp, phan phuong
an. Quy tac cong khong gitip tang toc do tinh ma chi chia viéc ra dé x1t ly song song.

Quy tic nhan

Cong viéc A phai trai quak cong doan A...1,A...2,...,A.. k.

A ...1c6 thé thuc hién theo n...1 cach,

A ...2 c6 thé thuc hién theo 1. ..2 cach,

A ...k c6 thé thuc hién theo n .. . . k cach.

Khi d6 téng s6 cach dé thuc hién dugc cong viéc la n...1n...2...n...k =
[1...i=1%n...icach.

Céch phat biéu 2

Cho k taip hop khiac rong A...1LA...2,...,A...k. Khi d6
A, IXA...2x--xA.. k| =T[...i=1YA...i|.

Nhan xét 1. Quy tac nhan vi thé pht hop véi cac bai todn ma cong viéc c¢6 thé thuc hién
tuan ty. Thuc hién hét mdi xong cong viéc. Trong tinh hudng tap hop c6 cau tric phic tap
thi ta phai sap xép lai hodc chia nho ra (sit dung quy tac cong). Quy tic nhan sé gitip chiing
ta ting dang ké toc do dém.

Nhan xét 2. Cong doan sau phai xét trong trang thai cong doan trudc da thuc hién xong.

Bai toan 3. C6 bao nhiéu sb tu nhién
a) C6 4 cht so.
b) C6 4 chit s6 khac nhau.
c) C6 4 chit s6 sao cho hai chit s6 lién tiép thi khac nhau.
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d) Chan c6 4 chit so.
Nhan xét 3. Hai quy tac dém thuong dugc sit dung két hop v6i nhau trong mot bai toan.
Bai toan 4. (Déng Nai) Chia mdi ctia mot hinh vuong ra n doan th:fmg bé“mg nhaubdi (n —1)
diém chia khac nhau (khéng tinh hai diém dau mut méi canh). Xét ti gidc c6 4 dinh 1a 4

diém chia trén bén canh ctia hinh vuéng. Biét s tit giac tao thanh va gip 9 lan s6 cac hinh
binh hanh dugc tao thanh. Tim gia tri ctia n?

Lo gidi. S6 tit giac tao thanh 1a (n — 1)* ta giac.

Mbi hinh \binh hanh dugc tao thanh tir hai cdp diém doi xting nhau qua tdm caa hinh
vuong ban dau.

Do d6 ta chi can chon hai dinh cho hinh binh hanh tir hai canh lién tiép ctia hinh vudng.

Téng s6 hinh binh hanh 1a (n — 1)

Theo dé bai s6 tit giac ghp 9 1an s6 hinh binh hanh nén ta c6 (n — 1)4 =9(n — 1)2 Sn=
4.
Bai toan 5. Cho X = {1;2....;100} vadat S = {(a;b;c) [a,b,c € X,a <bAa < c}. Tinh |S]
neu

b, c khong nhét thiét phai phan biét.

b, c phan biét.

Loi gidi. Bai toan c6 thé chia thanh cac truong hgp phan biét khi xéta = 1;2;....;99.
Véia=ke{1,2;...,99} thi s6 cach chon b 12100 — kvac cung la 100 — k.
Thé thi s6 b s6 (a;b; ) cAn tim 1a (100 — k)%, Vik lay gid tri 1,2,...,99 nén ta c6
S| =Y...k=1"90100—-k)?* =¥ ...i = 172 = 328350.

Cach1 Tachona=ke {1;2;....,99}, voi mdi cach chon a thi s6 cach b1a 100 — k va sb
cach chon c1a 99 — k.

Vay ta 6 |S| = ...k =1"9(100 —k) (99 — k) = ¥...k = 1"0(k2 — 199k 4 9900) =
323400.

Céach 2 (dung t6 hgp) Ta thly mdi tap ba con gdom 3 s6 khac nhau ctia A cho ta hai bo ba
s6 thoa man bai toan.

Vay ta c6 |S| = 2.C...100° = 323400.
Bai toan 6. (HK 16p 9 Archimedes) Nguoi ta mudn t6 mau cac hinh tron trong hinh vé bén
dudi bdi mot trong ba mau xanh, dé hodc vang sao cho bat ky hai duong tron nao duge nbi
véi nhau thi dugc t6 bdi mau khac nhau. Héi ¢6 bao nhiéu cach t6 nhu vay.

Loi gidi. DE dé ly luan va trinh bay ta danh sb cac 6 nhu sau
Ta thdy nhiéu lya chon cho viéc t6 mau chéng han
C6 thé to tir trong ra, hodc t6 tif nhanh bén ngoai vo, hodc to lan dan tir 1 nhanh.
Cach1 To tu trong ra
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T6 cac 6 1,2,3,4 c6 18 cach (day la két qua quen thudc)

065,6,7,8 mbi 6 c6 1 cach to.

056 9,10,11,12 méi 6 c6 2 cach to.

Tong sb cach to 1a 18.2% = 288 .

Cach 2 To lan dan tir 1 nhéanh, ta chon xudt phat tir 6 s6 9.

CDb1 Osb9 c6 3 cach to.

Cb2 0365 c6 2 cach to.

CP3 Os61vasd?2co?2 cach to.

CD4 Tiép theo ta sé t6 0 56 3 va 6 s6 4. Ta xét 3 truong hop

TH4.1 6563 cing mau 6 s6 1 va 6 s6 4 thi cing mau 6 s6 2.

TH4.2 656 3 cing mau 6 s6 1 nhung 6 s6 4 thi khac mau 6 s6 2.

TH4.3 6 s6 3 khac mau 6 s6 1 nhung 6 s6 4 thi cing mau 6 s6 2.

Ta thay trong mbi truong hop 6 56 3 va 6 56 4 chi 6 1 cach to.

Cb4 c61+1+1=3cach.

CP5 Os68cbd1 cach, 65612 c6 2 cach to.

Cb6 0366 c6 1 cach, 65610 c6 2 cach to.

CDb7 Os67c61cach, 6610 c6 2 cach to.

Vay c6 tat ca 3.2.2.3.2% = 288 cach.
Nhan xét 4. Néu phan tich ky céc\ d4u hiéu ta thay viée to hinh vuong & tam la moét bai toan
quen thudc da ting gdp, tir d6 de ra hudng giai quyet la to ti trong ra ngoai. Tuy vay, viéc
sang tao de ra thém hai chien thuat t6 tr mot nhanh va t6 tu ngoai vao cing dan den mot
cach giai quyét thoa dang.

2 Cach ciu hinh dém co ban

Hoan vi MBoi cach sap xép n phan tir c6 thi tu tir tdp hgp gom dung 7 phan tir 1a mot
hoan vi.
Pinh ly 1. Téng sé cdchoanvictanphanttlaP...n=n!=n.(n—1) (n —2)...2.1

Quy uéc 0! = 1.
Bai toan 7. C6 hai hang ghé, méi hang gdm 6 ghé. Can sap xép 12 hoc sinh, trong d6 c6 6

hoc sinh truong A, va 6 hoc sinh trudng B sao cho hai hoc sinh ngdi gan nhau hoéc déi dién
nhau thi phai khéc trudng nhau. Hdi ¢6 tat ca bao nhiéu cach xép chd ngdi.

Loi gidi. Ta thy & mbi hang ghé hoc sinh dugc xép xen ké theo truong va hai em dau ctia
moi hang la khac nhau.

Cong doan 1 Sép xép vi tri timg trudng c6 2 cach.

Cong doan 2 Sép 6 hoc sinh truong A vao ché danh cho hoc sinh truong A c6 6! cach.
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Cong doan 3 Sép 6 hoc sinh trudng B vao chd danh cho hoc sinh truong B ¢6 6! cach.
Vay tong sb 1a 2.6!.6! = 1036800cach.

Bai toan 8. Doi van nghé 16p 12AV géom 4 nam va 6 nit. Hdi c6 bao nhiéu cach xép cac ban
thanh 1 hang ngang dé chup hinh sao cho cac ban nam khong ding canh nhau.

Loi giai.

Séap xép 6 ban nit ta c6 6! cach.

Sép xép 6 ban nam vao 7 vi tri xen ké cdc ban nit c6 A ... 7% cach. (g6m 5 vi tr6 xen gitra
cac ban nir va hai vi tri & hai dau)

Tong s61a 6!A ... 7* = 604800 cach xép thoa man bai toan.

Nhan xét viéc xép cac ban nam trudc cing cho ta 16i gidi tuy nhién hoi khoé thuc hién.
Bai toan 9. Trong rap xiéc c6 1 con hd, 1 ghu va 1 con khi. Dé biéu dién tiét muc nguoi diéu
khién xép cac con vat thanh 1 hang ngang. Em hay liét ké tat ca cac cach sap xép c6 thé xdy
ra hay khong?

Dé tang thém sy thu hut dbi véi khan gid ngudi ta bd sung thém 2 su ti, 1 chi ché va 1
chu khi con. Hoi c6 bao nhiéu cach sap xép tat ca cac con vat biéu dién thanh hang ngang
sao cho hé va gau khong & canh nhau dong thai hai chi khi luon & hai dau.

Loi gidi.

CD1 Sép xép hai chu khi con ¢6 2 céch.

CD2 Sép xép 5 con vat con lai & gitra, ta thuc hién theo phan bu.

Sap xép 5 con vat ty y ¢6 5! cach.

Sap xép 5 con vat sao cho hd & canh gau c6 2.4! = 48 cach.

Vay s6 cach sap xép 7 con vat dé biéu dién 1a 2. (5! — 2.4!) = 144 cach.
Bai toan 10. Trong ngay Valentine c6 3 cap tinh nhan xép thanh 1 hang doc trudc trung rap
chieu phim Galaxy cua siéu thi Vincom dé chd mua vé va nhan bap ngd mién phi. Hoi ¢6
bao nhiéu cach sap xep hang khac nhau sao cho hai nguoi yéu nhau luén duge ding canh
nhau.

Loi gidi.

CD1 Sép xép 3 cap c6 3! cach.

CD2 Sap xép hai ban nam nit ctia méi cép tai vi tri cia cdp minh c6 (2!)3 cach.

Téng sb 1a 3!.(2!) = 48 cach.

Hoan vildp Moi cach sap xép n phan tir ¢6 thit tu tir tdip hop gom ding 1 phan t, trong
d6 c6n...1 phan tir gidng nhau loai 1; n...2 phan ti giéng nhau loai 2;...;7...k phan t
gidng nhau loai k 1a mot hoan vi lap.

n!

Dinh ly 2. Tong so cachoan vilapnhuthela H...n = T TR I
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Bai toan 11. C6 bao nhiéu sb c6 6 chit s6 ma tich cac chi s6 nay bang 8000?

Loi gidi. Goi s6 can tim 1a abedef (a #0) .
Ta 6 8000 = 26.5°.
Vi thé phéi c6 ba chir s6 5 va 3 chit s6 con lai phai c6 tich 1a 2°.
Ba chit s6 con lai nay chi c6 thé thudc 1 trong cac bo sau (2,4,8),(4,4,4),(1,8,8).

o,
VGibo (2,4,8,5,5,5) ta cod % so thoa bai toan.

oy
VaGibo (4,4,4,5,5,5) ta co o so thoa bai toan.

31.3!
6! .
V6ibo (1,8,8,5,5,5) ta co 131 so thoa bai toan.
. ) £ 6! 6! 6! )
Tong so cac so can tim la 3l + 330 + 213l = 200 so.

Bai toan 12. (Déng Nai TST 2012) Cho tap hgp S =1,2,.,20. Tim s6 cac tap con T cta S, biét
rang s6 phan tir cia T bang 4 va tong cac phan tir ctia T chia hét cho 3.

Loi giai. Phan hoach S thanh ba tap con A, B, C trong do
A =3,6,9,12,15,18 (gd6m cac sb chia hét cho 3 )
B =1,4,7,10,13,16,19 (g6m cac s6 chia cho 3 du 1)
C=2,5,8,11,14,17,20 (g6m cac sb chia cho 3 du 2)
Goi T 1a tap con thod man yéu cau bai toan, ta c6 cac truong hop sau
TH1 Céba phan tit cia T ciing thudc B hodc cting thudc C thi phan tir con lai phai thudce

C s A en . 7! 7!
A.Khidosotap con T la 6@ + 6@ = 420.
TH2 C6 hai phan ttt cia T thudc B suy ra hai phan t con lai thudc C. Khi d6 s6 tap con
L7 7!

TH3 C6 mot phan tr ctia T thudc B suy ra ba phan tir con lai c6 hai thuoc A va mot
thudc C.

Cal A ea ., 6!
Khi do6 so tap con T 1a7.ﬂ.7 = 735.

TH4 Khong c6 phan tif ctia T thudc B suy ra cd bon phan tir déu thude A. Khi d6 sb tap
conTlaC...6* = 15.

Vay s6 tap con T thod man dé bai la 420 + 441 + 735 + 15 = 1611 tap.
Bai toan 13. Tim tong tat ca cac s6 nguyén duong c6 bon chit s6 nhung khong c6 chit s6 3
va chia hét cho 3.

Loi gidi. Goi T 1a tap hop tat ca cac sd nguyén duong 6 bon chir s6 nhung khong c6 chit s6
3 va chia hét cho 3. Goi A = {1,2;3;4,5;6;7;8,9} .
Nhan thdy trong A c6 diing 3 s6 c6 cting s6 du r khi chia cho 3; r € {0;1;2}.
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Goia=a...1a...2a...3a...4

V&imbia...4 € Acddinhthi Chona...1 € A\ {0} c6 8 cach, chona...2 € Ac69
cach.

Khi d6 c63 cachchona...3€ Adé(a...1+a...2+a...3+a...4)chia hétcho 3.

V6i mbi chit s6 a...4 € A c6 trong 8.9.3 = 216 s6 thuoc T. Tuong tu mdi chir s6
a...2;a...3 € Acétrong 21656 thudoc T. Véimdisda...1 € A\ {0} c6 trong 9.9.3 = 243
s thuoce T.

VayY....a € Ta = (142+4+5+6+7+8+9)243.10%+216 <102+10 + 1) = 11212992.

Chinh hgp M&éi bo k phan tir ¢6 thit ty duge chon ra tir tap gom 7 phan tir 1a mot chinh
hop chap k ctia n phan tur.

Dinh ly 3. Tong s6 cac chinh hgp chap k ctia n phan t 1aA...n* = C Tk)! =
nn—1)...(n—k+1).

Déthdy A..n%=1,A...nl=mn; A. =P...n=n!
Bai toan 14. Gia st A = {a...l,a...Z,...,a...n} va k < n. Xét tap T2 =
(@...i...La...i...2,...,a...i...k) c6 tha tu | a...i...] € AVj = 1k céc

a...i...j € ANVj=1kdéi motkhac nhau. Tim |T...2[?

Loigidi. Taco |T...2|=n.(n—1).(n—2)....(n —k+1).
Bai toan 15. Tim s6 don anh tir mot tap A c6 k phan tir dén mot tap B c6 n phan ti (k < n).

Loi gidi. Mdi anh xa f 1a mot cach chon dnh ctia k phan i x thudc A.

Do don 4nh nén anh ctia hai phan tr x...1,x...2 € A la hai phan ti phan biét thuoc B.

Ma méi cach k anh cho k phan tir thudc A chinh la mét chinh hop chéap k ctia n phan ti
cta B.

Vay téng s6 don anh can tim1a A ... n*.

Chinh hop lap Madi b6 k phan tir ¢6 thit tu dugc chon ra tir tdp gdm 7 phan tr ma méi
phan tr 1y tir 7 phan tr da cho c6 thé c6 mat nhiéu lan 1a mot chinh hop chap k ctia n phan
tu.

Pinh ly 4. Tong s6 cac chinh hop 1ap chap k ctia n phan tir 1aA .. A .. nk = nk. Mot sb tai lieu
conkihiéula F...n~.

Bai toan 16. Xét tap T1 = (a...i...lLa...i...2,...,a...i...k) c6 tha tu |
a...i...j € A ¥j =1, kkhong bat budc do6i mot khac nhau. T1m|T 12

Loi gidi. MoiphantirctaT...1laphantictatichdécacT...1=AXAx - X A...k=
AR = |T...1] = |A¥| = |A]F = uF

Bai toan 17. Trén mot dudng thang cho trude 1an luot tir trdi qua phai liy cac diém
A...1,A...2,...,A...2023. T6 2023 diém vira néu bdi 8 mau sao cho trong moi cach to
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méi diém chi duoc t6 mot mau. Hai cach t6 nhu thé dugce goi 1a khac nhau néu ton tai diém
A...isao cho n6 dugc t6 bdi hai mau khac nhau trong hai cach t6 do6. Hoi ¢6 bao nhiéu
cach t6 mau nhu the.

Loi gidi. Mdi diém c6 8 cach to. Vi vay tong sb cach to sé 1a 82023,

Bai toan 18. Cho k va n la cac s6 nguyén duong. Mot day k— phan do dai n 1a mot day
(a...1,a...2,a...3,...,a...n)v6ia...1,a...2,...,a...n € {0,1,..., k—1}. Hoi c6 bao
nhiéu day nay?

Loi gidi. Dat A = {0,1,...,k — 1}. M6i day k— phan do dai n 1a mot chinh hgp 1ap chap n
ctia k phan tt cta A.

Vay téng s day 1a k™.

To hgp MJi bd k phan tir khong phan biét thit ty duogc chon ra tir tap gom 1 phan i 1a
mot t6 hgp chap k ctia 7 phan tir.(mdi bd nay xem nhu 1 tap con).

A 2 ? X ? N !
Pinh ly 5. Tong sb cic t6 hop chap k ctia n phan t la C...nk = "

k! (n—k)!

nn—1)...(n—k+1)
k!
DéthayC...n° =C...n"=1;C...nl =C...n" 1 =un;

Tinh chdt C...nF = C...n" %5 C..n—1*+C..n—1F1 = Cc..vk; A. .0k =
C...n*k.

Bai toan 19. Gida su A = {a...1,a...2,...,a...n},k < n Xét tap T3 =
(@a...i...la...i...2,...,a...i...k) khong c6 thu ty | a...i...] € AVj = 1,k cac
a...i...j € AVj=1,kdoi mot khac nhau.

Tim |T...3|?

Loi gidi. M&iphan titcta T...3 hoan visé sinhra k! phantircta T.. . 2.
Giasa (a...i...1l,a...i...2,...,a...i...k)caaT...3hoan visésinhrak!ctaT...2va
goitdp chtta cdcphantanaylaT...i...1,i...2,...,i...k.

Trong d6 T...i...1,i...2,...,i...k = {t € T...2Jt dugc tao nén tir k phan tu
a...i...a...i...2,...,a...i...k}

Goi tap tAitcd cactap T...i...1,i...2,...,i...knaylatap T’ ...2.

Cac tap T...i...1,i...2,...,i...knay roi nhau va T...2 =
U...(i...1,i...2,..,i...k)T...i...1,i...2,...,i...k. Ta thiét 1lap anh xa f tu T3 vao
T'...2.fbién (a...i...La...i...2,...,a...i...k)thanh T...i...1,i...2,...,i... k(tuong

N T...2
L’mgvéfiné).Déthéyflém(f)tsongénht&d(’)suyra|T...3|:|T’...2|:I z |

Bai toan 20. C6 mot ludi gdm céac 6 vudng. Cac nuit duge danh sb tir 0 dén m theo chiéu ti
trai sang phai va tir 0 den n theo chieu tir dudi 1én trén. Héi c¢6 bao nhiéu duong di khac
nhau tir nit (0,0) dén nut (m,n) néu chi cho phép di trén canh cac 6 vudng theo chiéu ti
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trai sang phai hoac tir dudi lén trén?

Loi giai. Mot duong di nhu thé coi nhu 1a mot duong g6m m + n doan (mdi doan 1a mot
canh 6 vuong). Tai moi doan chi duge chon 1a mot trong hai gia tri di 1én (ta ma hoa s6 1)
hay sang phai (ta ma héa s6 0). S6 doan di 1én ding bang 1 va s6 doan sang phai diing bang
m. Bai todn dan dén viéc tim xem c6 bao nhiéu day nhi phan do dai m + n trong d6 c6 ding
nsd1.KétqualaC...m+n".

Bai toan 21. C6 bao nhiéu xau nhi phan do dai n thdéa man hai diéu kién Trong xau c6 dung
kchitasd1 (0 < k < n);

Khong 6 hai chit s6 1 nao ding canh nhau.

Loi gidi. Xét mot xau nhi phan théa man yéu cau bai todn ta bo ra khoi xau nhi phan dé
k — 1506 0 (bang cach cu gitra hai s0 1 ta bd di mét chir s 0). Khi d6 ta con lai mdt xau nhi
phan do dain —k+1, gdbm c6 k so 1.

Nguoc lai, mot xau nhi phan dé dain —k + 1, g6m c6 k sb 1, ta chi viéc dat vao gitra hai
s0 1 lién tiep mot chit so 0 thi ta sé dugc mot xau thoa man yéu cau bai toan. Vay so xau can
tim bing v&i s6 xau nhi phan d6 dain — k + 1, trong d6 c6 k chirsé 1 vabang C...n — k + 1*.
Nhén xét 5. vdi cach lam tuong tu, nhung diéu kién thi 2 thay d6i thanh "Gitra hai chit s6
1lién tiép c6 > m s6 0" thi két qua trd thanh C....n — m (k — 1)¥. Va néu ta sira diéu kién thu
2 thanh "Gita hai chir so 1 lién tiep c6 > m s0 0 va trudc chit s6 1 dau tién c6 > m chix so
0" thi thu dugc két qua C...n — mkF.

Nhén xét 6. C6 thé suy nghi cach giai bang phuong phap truy hoi.

Bai toan 22. Alice leo cau thang g6m 9 bac. Alice c6 thé budce 1 hodc 2 bac mbi lan, chi bude
1én khong bude xudng. Alice c6 thé leo cau thang 9 bac nay bang bao nhiéu cach khac nhau?

Loi giai. Nhéan xét day la mot bai toan kha quen thuc va thuong dugc giai theo phuong
phap dém bang truy hoi. Nhung hom nay chting ta sé cting nhin bai toan vdi goc nhin méi
va dém bang cac cong cu tuong ddi tho so hon.

Ta thay s6 1an budc 1 bac va s6 lan bude 2 bac c6 su lién hé véi nhau, cu thé néu dat a
1a s6 lan budc 1 bac va b 1a s6 1an budce 2 bac thi ta ludn ¢6 a + b = 9. Vi vay hhi biét s6 lan
bude 1 bac va sb lan budce 2 bac thi viée cudi cting 1a sap thi ty bude 1 bac va budc 2 bac &
nhitng 1an nao sé cho chting ta s6 cach budc 1én cau thang ctia Lan.

TH1 chibuéc 1 bac mbilan cé 1 cach bude nhu thé.

TH2 11an 2 bac va 7 1an 1 bac. Ta c6 8 1an thuc hién cé thé minh hoa bdi 8 6

Ta chon 1 6 dé thuc hién budc 2 bac & 1an d6 vayco C... 8! cach bude nhu thé.

TH3 21an 2 bac va 51an 1 bac tuong tu TH2 ta c6 C ... 7% cach bude nhu thé.

TH4 31an2bacva31an 1baccé C...6° cach budc nhu thé.

TH5 41an2bac va 11an 1bac c6 C...5% cach bude nhu thé.

Vay téng s6 cach budc cau thang ctia Alicelal+C...8' +C...72+C...63+C...5* =
55.
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Bai toan 23. Trén mit phang cho 20 diém trong d6 khong c6 3 diém nao thang hang. Gia st
trong cac duong thang di qua 20 diém da cho khong c6 hai duong thang nao song song va
cling khong c6 ba duong thang nao dong quy tai mot diém khac véi 20 diém da cho. Hay
tinh s6 tam gidc tao bdi cac duong thang d6 ma méi tam gidc déu khong c6 dinh 1a mot
trong 20 diém da cho.

Loi gidi.

S6 duong thang la C ... 20% = 190.

S6 tam gidc tao thanh tuy y1la C...190° —20.C...19%. (ba duong thang cting qua 1 dinh
khong tao thanh moét tam gidc )

Ta di tim cac tam giac vi pham dé bai, nghia la tam giac c6 it nhat mot dinh la cac diém
trong 20 diém da cho.

TH1 S tam gidc c6 3 dinh 1a 3 diém trong 20 diém da chola C...20°.

TH2 Sb6 tam giac c6 2 dinh 1a 2 diém trong 20 diém da chola C...20%.18.17 (chon 2 diém
A va B tir 20 diém, chon hai duong théng tao ra hai canh con lai, mét duong tr A khac AB
gia st la duong AC va mot duong tir B khac BA va khac luén BC).

TH3 S6 tam gidc c¢6 1 dinh la 1 diém trong 20 diém da cho Ia
C...20L.C...19%.(190 —3.19) (chon 1 diém A tir 20 diém, chon 2 duong thang trong
cac duong théng qua A coC... 19% cach lap dugc hai canh AB, AC, chon thém 1 canh thi 3
khong qua diém nao trong ba diém A,B,C ¢6 190 — 3.19).

Vay téng s6 tam gidc théa man bai toan la C...190° — 20.C...19°> — C...20° —
C...20%18.17 — C...20L.C...19%. (190 — 3.19) .

Bai toan 24. (Thit thach muia he 2023 Pleiku Gia Lai) Cho bang 6 vuong 20 x 101 gom 20
hang va 101 cot. Nguoi ta mudn dién cac s6 0 va 1 vao cac 6 vuong don vi ctia bang thda
man cac diéu kién sau

Mbi 6 vudng c6 ding mot sb dugc dién.

Mbi cot duge dién ding 2 s6 1.

Hai hang bat ki c6 khong qua mot cot duge dién hai s6 1.

Hoi 6 tit ca bao nhiéu cach dién sb thoa man.

Loi gidi. Tit yéu cau, vi tri cap s6 1 § mdi cot 1a khac nhau (tinh theo hang). V&i 20 cot, ching
ta c6 C...20% = 190 vi tri cho cdp so 1. Do d¢, so cach dién thoa man yéu cau bai toan la

190!
A 1900 = ——
20 89!

Bai toan 25. (IMO Shortlist 2016) Cho da gidc déu (H) c6 2017 dinh ma méi dinh dugc to
b&i mot trong ba mau  xanh, do, vang véi s6 lugng lan luot 1a a, b, ¢ sao cho cac sb a, b, ¢ déu
1. Goi x, y, z 1an lugt 1a s6 tam gidc can c6 ba dinh thudc (H) ma cac dinh ctia médi tam gidc
duoc t6 bdi mot mau, hai mau, ba mau.

a) Ching minh rang 3x +y =3 (C...a> 4+ C...0* +C...c?).

b) Ching minh rang z > 0.
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Loi gidi.

a) Trude hét, ta nhan xét rang v6i hai dinh tuy y trong 2017 dinh caa (H) thi c6 dung 3
cach chon dinh thit ba dé c6 tam gidc can.

That vay, gid st c6 hai dinh A, B va cung nh6 AB chita trong d6 x diém. Trude hét, vi 2017
1é nén trén cung l6n hodc trén cung nhd AB sé c6 diing mot diém C cach déu A, B. Ngoai ra,
duong tron (A, AB) va (B, BA) cat (H) tai cac diém D, E ciing thda man yéu cau.

Chu y rang (2017,3) = 1 nén khong c6 tam giac déu nao trong cac dinh cta (H), suy ra
cac diém C, D, E & trén 1a duy nhéat. Tir d6, ta dém s6 bd (M, NP, ) v6i dinh M N, khong tinh
thit ty, t6 cing mau va ciing ndm trong tam gidc can P.

- Chon hai dinh M N, cung mau, c6 C. .. a2+ C...b*+C...c%cach. Chon tam giac P can
va chita hai dinh d6, ¢6 thém 3 cachnénsébo trénla 3. (C...a> + C...b* +C...c?)

- M6t tam giac loai x, y, z cho ta tuong tng 3, 1,0 cdp dinh ciing mau nén c6 3x + y bo. Tix
do, ta co déng thic da néu.

b) Gid stz = 0 thi x +y = C...2017? 1a s6 cach chon ra ba dinh trong (H) dé c6 tam
giac can.

Khidé,tiidéngthﬁcéa,tacég (> + b2+ c*—(a+b+c)] =3(x+y) —2v.

Chi y ring a+ b + ¢ = 2017 nén 3 (a? + 1% + 2 — 2017) = 3 (20172 — 2017 — 4y

& 3 (a% + b2+ %) = 3.20172 — 4y = 3 (a® + b? + c2)

= 3.2017% (mod4).

Tuy nhién a, b, c 16 nén vé tréi chia 4 du 1, con vé phai chia 4 du 3. Diéu mau thuan nay
cho thay z > 0.

T6 hop 1dp Mdi bo k phan tir khong phan biét thit tu dugc chon ra tir tap gdm 1 phan
t ma moi phan ti 14y tir n phan tir da cho c6 thé c6 mat nhiéu 1an 1a mot t6 hop 1ap chap k
ctia 7 phan ti

Hai t6 hgp lap dugc goi la khac nhau néu s6 1an xuét hién ctia hai phan t cting loai
trong hai t6 hgp 1a khac nhau.

Dinhli Téng sb cac t6 hop lap chap k ctia n phan ta1aC...nK = C...n+k —1""! hodc
C..nf=cC...n+k-1*

Bai toan 26. (Khdao sit nang luc gido vién THPT chuyén Nguyén Dinh Chiéu ndm 2021)

C6 bao nhiéu cach 1ap moét s6 tu nhién c6 ba chit s6 abc théamana < b < c.

Loi gidgi. Cach1 Chirs60 khong duoc chon (vi néu chon thi né sé dung dau). Ta c6 thé léy
ra bd 3 chit s6 tir 1 dén 9, cac chit s6 c6 thé bang nhau, sau d6 sap xép lai thi méi bd theo
chiéu ting dan thi ta sé dugc 1 s6 thdéa man bai toan.

Mbi s6 thoa diéu kién bai toan chinh 1a mot t6 hop 1ap chap 3 cta 9 phan t. Suy ra,
tong sO cac s 1a tong s6 t6 hop lap chap 3 ctia 9 phan tir. Vay két qua ctia bai toan la
K...9=C...11° = 165.

Cach 2
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TH1 a < b < clic nay méi sb ty nhién lap dugc tuong ing v6i mot t6 hgp chap 3 ctia 9
phan tir. Téng s61a C... 9.

TH2 a = b < ¢ ldc nay moi s tu nhién lap dugc tuong tng vGi mot t6 hgp chap 2 cia 9
phan tir. Téng s61a C...92.

\TH3 a < b = c ltc nay méi sb tu nhién 1ap dugc tuong tng véi mot t6 hgp chap 2 cta 9
phan ta.

T6ng s6laC...92%

TH4 a = b = c ldc nay c6 9 s6 théoa man.

Vay sb cac sb tu nhién théa man bai toan1a C...93 +2.C...92 +9 = 165s6.

Céach 3 (song anh)

V&i mdi bo (a,b,¢), 1 < a < b < c <9thda man bai toan. Ta thiét lap mot anh xa nhu
sau f (a,b,c) — (a',V,c')théaad’ =a,b/ =b+1,d =c+2

Dé thay f 1a mot song anh.

Tir d6 suy ra sd bo (a, b, ¢) chinh bang s6 bo (a’, b, c').

Tacol<a <b < <11.

S6 cach chon bd (a',b’, ") chinh bang s6 t6 hop chap 3 cta 11 phan tt.

Do d6 tong s6 céc sb tu nhién théa man bai toan 1a C...11% = 165.

Ky thuat sap xép cong doan pht hgp

Trong bai toan dém ddi lic viéc sap xép cong doan gitip ta c6 cach gidi quyét dé dang
hon.

Bai toan 27. C6 bao nhiéu sb ty nhién c6 6 chit s6 khac nhau trong d6 s6 chit s6 chan bang
vdi so chix so 1é.

Loi giai.
Cach1 Goi W 1a s6 can lap.
Ta chia ra hai trudng hgp theo tinh chan 1é cta a.
TH1 c6chrsd0
Chon vi tri cho s6 0 ¢6 5 cach (a khéc 0).
Chon 2 chit s6 chan va 3 chit s6 1é con lai ta c6 C...4%.C ... 5%cach chon.
Séap xép 5 chir s6 con lai ta c6 5! cach.
TH2 khoéng c6 chirs6 0
Chon 3 chit s6 1é va 3 chit chan (khac 0) ta c6 C...43.C...5%cach chon.
Séap xép 6 chit s6 ta c6 6! cach.
Vay téng s61a 5.C...42.C...5%.5! + C...43.C...5%.6! = 64800s0.
Cach 2 Goi abcdef 1a s can lap.

Ta tim céac s0 ¢6 6 chit s6 khac nhau gom 3 chi s6 chan va 3 chi s6 1é ké ca s6 0 dung
dau.

Chon 3 chit sb 1é va 3 chit chan ta c6 C...5%.C....5%cach chon.
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Séap xép 6 chit s6 ta c6 6! cach.
~ Ta tim cac 56 ¢6 dang Obede f ma trong d6 6 chit s6 khac nhau gom 3 chir s6 chan va 3 chi
so lé.

Chon 2 chit sb6 chan va 3 chit s6 1é con lai ta ¢c6 C...4%.C....53cach chon.

Sap xép 5 chir s6 con lai ta c6 5! cach.

Vay téngla C...5%.C...5%.6! — C...42.C...5%.5! = 64800s6.

Phan tich

Loi gidi 1 dua vao mau thudn vé viéc c6 va khong c6 sy xuat hién ctia chir s6 0.

Loi giai 2 dung dén phuong phép bu tri, Chép nhan s6 0 ding d\é\lu dé giam do phtc tap
cta van de can tinh, sau d6 tim cach trir ra phan da vi pham yéu cau cua bai toan dé dugc
ket qua dung.

Bai ;0&1}328. Xdac dinh s6 cac cap s6 c6 thit tu (a;b) sao cho bdi chung nhé nhat ctaa vabla
2%57.11%.

e ea. > NI > 37 1113 A a = 2°5Y11%
Loi gigi. Ca a,b déula udc cua 2°.5".11"° nén { b — 255111
Vi 2557111 1a boi chung nho nhét cta a,b nén max{x,s} = 3; max{y,} =

7; max{z,u} = 13.
Bang cach liét ké ta c6 7 cach chon cdp (x,s); 15 cach chon (y,t); 27 cach chon (z,u).
Theo qui tac nhan, ta dugc 7.15.27 = 2835 cdp sb (a,b) thoa diéu kién.

M6 rong Néu n 1a sé nguyén duong van = p...1%1p . 280-2 p...k%*a phan
tich thanh thira s6 nguyén t6 cda n.
Thiséco 2a...14+1)(2a...2+1)...... (2a...k+ 1)cdp sb6 nguyén (a,b) phan biét c6

thit ty sao cho boi chung nhd nhéat (a,b) 1a n.

Bai toan 29. Cho tap hop A = {1,2,3,...,100} . Ta t6 mau cac s6 ctia A chia hét cho 10 1a
mau dd, cac s6 con lai bdi mau xanh. Héi ¢6 bao nhiéu bo (x,y,z) ma x,y,z déu thuoc A
trong hai trudong hgp sau x + y + z chia hét cho 100.

x,y,z dugc to cing mau va x + y + z chia hét cho 100.

Loi gidi. Ta c6 thé chon x,y bat ki c6 100.100 cach chon

Ung v6i médi cach chon x,y ta c6 x +y = k (mod100) véi 0 < k < 99

V&i méi s6 k nhu thé ta ¢6 mot cach chon z = 100 — k dé x +y + z = 0 (mod 100)

Vay ¢6 10000 b6 x, y, z thoa dé bai.

C6 10 s6 mau dé {10,20,...,100} va 90 s6 mau xanh.

Goi (x,v,z) 1a b6 ma x + y + z chia hét cho 100 va trong bo c6 ca 2 mau. Trong x, v,z
khong thé c6 2 s6 cing mau d. Ta chi ¢6 cac truong hgp sau

Ta wu tién chon s6 do trude cho méi truong hop.

Do d6 céc s6 loai nay 1a 3.10.90.1 = 2700 bd

Vay cac bo s thoa dé bai 1a 10000 — 2700 = 7300 bo.
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Nhéan xét Néu lam tryc tiép thi truong hop x, y, z cing mau xanh rat khé qua li vi thé ta
nghi dén y tudng stt dung phan bu.

Ky thuat chia truong hgp

Dé gidm do phuc tap ctia bai toan ta ciing thudng chia nho bai todn ra nhiéu trudng hop
(phan hoach). Giai bai todn don gian hon trén tung truong hop cu thé. Mot y tudng kha
thuong gap nhung gitip hoc sinh dinh hudng t6t trong nhiing bai toan dém phc tap. Doi
ltic viéc ndm r6 nguyén nhan ctia cic mau thuan gitp ching ta ¢6 cach chia truong hop tot.

Bai toan 30. Tir cac chts60,1,2,3,4,5,6,7,8,9, ta lap dugc bao nhiéu sO tu nhién c6 6
chit s6, ma cac chir sd doéi mot khac nhau va trong do6 hai chir so ké nhau khong cung la so 16?

Loi gidi. GoisddolaA=a...1a...2a...3a...4a...5a...6. Tix gia thiét suy ra A c6 1 hodc
2 hodc 3 chit s6 18.

TH1 A c61chirsélé

+)a...116 S6cacs6 AlaC...5'P...5 =600

+)a...1chan C64cachchona...1.S6cacsd Ala4.(C...5!C...4*)P...5 = 2400
Tong c6 600 + 2400 = 3000 sb cac s6 A trong d6 c6 diing mot chir s6 18.

TH2 A c62chirsélé

+)a...116 Cé5cachchona...1.Cé5cachchona...2chan.

Vay s6 cacsd Ala5.5.(C...41C...4%)P...4 = 9600.

+)a...1chdn Cé4cachchona...1.Cé6cachchon haivi tri khong ké nhau ctia hai s6 1é
tronga...2a...3a...4a...5a...6.Vaysdcacsd6 Ala4.(C...52.6.P...2).A...4% = 11520.

Tong c6 9600 + 11520 = 21120 s6 cac s6 A.
TH3 A c6 3 chirsb1é

+)a...116 C6 5 cach chon a...1 . Co6 5 cach chon a...2 . C6 3 cach chon hai vi
tri khong ké nhau ctia hai sb6 1é trong a...3 a...4 a...5 a...6 . Vay sb cac sb A la
55.(C...4%.3.P...2).A...4%> = 10800.

+)a...1chan Co64 cach chona...1.C6 1 cach chon 3 vi tri khong ké nhau cta 3 s6 1é
tronga...2a...3a...4a...5a...6.Vaysdcacsdb Ala4.(C...5°1.P...3).A...4% = 2880.

Tong c6 10800 + 2880 = 13680 s6 cac sb A.

Tém lai c6 3000 + 21120 + 13680 = 37800 s6 cac s6 A.

N}}én xét su phdi hop cﬁ\a cac cAu hinh quen thudc dua trén nén tang quy tac cong va
quy tac nhan xuat hién khé day du trong 1oi giai trén.

Bai toan 31. C6 bao nhiéu cach t6 mau hinh vuéng n x n bang cach t6 do hodc trang sau
cho cac 6 vuéng 2 x 2 c6 dung hai 6 dugc t6 mau do.

Loi gigi. Nhan xét Quy trinh ta sé t6 trng hang mot.

Néu hang phia trén to xen ké thi hang bén dudi c6 2 cach to (van t6 xen ké).

Néu hang phia trén khong to xen ké thi hang phia dudi chi ¢6 1 cach t6 (t6 nguoc lai véi
hang bén trén).
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Do vay ta can chia ra 2 trudng hop dé thuc hién nhu sau

TH1 To6 hang dau xen ké c6 2 céch to.

Céc hang bén dudi mébi hang déu c6 hai cach to.

TH2 T6 hang dau khong xen ké c6 2" — 2 cach t6. n — 1 hang con lai mébi hang chi ¢6 1
cach to.

Vay c6 tht cd 2" + 2" — 2 = 21 — 2 c4ch t6 théa man bai toan.
Bai toan 32. (Khdo sit nang luc gido vién THPT chuyén Nguyén Dinh Chiéu ndm 2020)

Cho m6t hinh vuéng 2 x 2 nhu hinh vé. Mdi hinh vuéng don vi ¢6 thé to6 bang 1 trong 4

mau xanh, do, vang, trang. Hoéi c6 bao nhiéu cach t6 sao cho hai hinh vuéng c6 chung canh
thi c6 mau khac.

Loi gidi. Cach1 (quan li s6 mau to)

TH1 Dung 2 mau to6

Chon 2 mau ¢6 C. . .42 cach.

T6 vao hinh c¢6 2!cach (hai 6 chéo nhau phai cung 1 mau).

Tong sd1a C...4%2.2! = 12cach.

TH2 Dung 3 mau t6

Chon 3 mau ¢6 C. . .43 cach.

T6 vao hinh (chon 1 mau dé t6 2 6 ¢6 C...3! cach, t6 mau nay co 2 cach, t6 hai mau con
lai c6 2! cach)

Tong sd1a C...43C...31.2.2! = 48cach.

TH3 Dung 4 mau t6 c6 4! = 24 cach.

Tong s6 1a 12 + 48 + 24 = 84 cach.

Céch 2 (chia that nhiéu truong hgp néu gap kho, khong don tri)

Ta danh sb cac 6 nhu hinh

CD1 To 601 cb 4 cach

CDb2 To6 6562 va 3 ta chia ra hai truong hop

TH1 6 s6 2 va 3 cting mau t6 mau hai 6 nay c6 3 cach ltc nay 6 s6 4 chi con lai 3 cach to
(6 4 chi can khac 1 mau da t6 6 6 2 va 3).

TH2 662 va 3 khac mau t6 mau hai 6 ndy c6 C...32.2! cach Iic nay 6 sb 4 chi con lai 2
cach to (6 4 phai khac2 mau da t6 ¢ 6 2 va 3).

Vay tong s6 cach to la4. (3.3 +C...3%221.2) =4.(9+12)4.21 = 84 cach.

Két hgp nguyén ly IE (bu trir).

Nguyén libu trir dung dé Qém s6 phan tir hop nhiéu tap thanh phan. Ta st dung khi gép
cac tap thanh phan c6 chong lan 1én nhau, giao nhau khac rong.

Cong thirc trong truong hop 2 hodc 3 tap thanh phan

|AUB| = |A| +|B| — |ANB|.

|JAUBUC| = |A|+ |B|+|C|—|]ANB|—|BNC|—|CNA|+]ANBNC|.
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Nguyeén li bu trir van ding vdi n tap bat ki.

Bai toan 33. Cho tap S c6 n phan tit. C6 bao nhiéu cach chon 2 tap con khéng nhat thiét
phan biét ctia S sao cho hgp hai tap con d6 bang S. Khong ké dén thit tu cac tap con do.

Loi gidi. Xét tdp S c6 n phan tir. Xét mot cach tao ra 2 tap A, B 1a cac tap con ctia S ma
AUB = S. Khi d6 v6i mot phan tr s bat ky ctia S, chi c6 3 sy luachons € A,s ¢ B;s €
B,s ¢ A;s € A;s € B.
Thuyc hién thao tac chon lya nhu vay trén tat ca n phan tir cta S, ta c6 3" cach. Tuy nhién,
v6i mbi 2 tap A, B phan biét, chung s€ bi tinh 2 lan do thu tu A, B hodc B, A. Ngoai ra, khi
n

’ £ 3" —
A = Bthi A = B = Snén c6 duy nhat 1 cach. Vay so cach chon la + 1 céach.

Bai toan 34. Ta n6i mot day s6 dang d...1d...2d...3 —d...4d...5d...6d...7 la dé nhd
néud...1d...2d...3 gibng v6i mot trong hai day d...4d...5d...6 hodcd...5d...6d...7.
Biét cac sO d .. .1 thudc tap {0,1,2,3,4,5,6,7,8,9}. C6 bao nhiéu day s6 dé nhd nhu vay?

Loi gidi.

Cach 1. Chon day d...4d...5d...6d...7 rdi chond...1d...2d...3 tuong tng sau do.
Xét 2 truong hgp sau

TH1 d...4=d...5=d...6=d...7=a.C610cachchona € {0,1,2,...,9}

M&i cach chon nhu vay cho ding mot day d...1d...2d...3.C6 10 day s6 dé nhé trong
truong hop nay

TH2 Ton tai 2 trong4s6d...4,d...5,d...6,d...7 khac nhau. C6 10000 — 10 = 9990
dayd...4d...5d...6d...7

Khido d...4d...5d...6vad...5d...6d...7la hai day khac nhau nén c6 2 cach chon
d...1d...2d...3. Truong hgp nay c6 2.9990 = 19980 day.

Vay ¢6 19980 + 10 = 19990 day dé nhd.

Céch 2. Dya trén hai truong hop tao ra day dé nhd, ta c6 1oi giai sau

Goi Alatap day dénhémad...1d...2d...3=d...4d...5d...6va Bla tdp day dé nho
mad... 1d...2d...3=d...5d...6d...7.

Khi d6, s6 day dé nhé 1a sb phan tir ctia tap A U B.

S6 phan tir ctia tap A la sb cach chonday d...4d...5d...6d...7 10000 phan tu.

S6 phan t ctia tap B cling 1a s6 cach chon day d...4d...5d...6d...7 10000 phan tu.

S6 phan tir cta tip A N B 1a 10 (khi cac chir s6 dugc chon bang nhau hét). |[A U B| =
| Al +|B] = [AN B

Vay ¢6 20000 — 10 = 19900 day dé nhd.

94



Mot s6 chuyén dé Todn hoc chon loc ... , Cao Lanh, ngay 29/10/2023

3 Thay cho loi két

Hai quy tic dém va cac cAu hinh co ban dugc dung phéi hgp véi nhau dé gidi quyét bai
toan. Vi bai toan dém ta thuong c6 2 suy nghi la dém tryc tiép hay st dung phan bu. Xem
dém truc tiép hodc dém cac dbi tugng trong phan bit 1a mot cong viée, tim cach chia nhé cac
cong viéc ra thanh cac phuong an hay cong doan. Moi phuong an hay cong doan la dugce
xem la mot cong viéc mdi, qua trinh suy nghi lai duoc tiép tuc va dua dén mot cach chon
dbi tugng don gian hon.

T6 hop 1a mot cht dé kho trong toan hoc. Qua kinh nghiém ctia ban than viéc giang day
phép dém cho hoc sinh quan trong nhat & viéc hinh thanh cac khéi niém ban dau, sau dé
1a viéc phan tich cac y tudng dé dan dén 1oi giai. Bai toan t6 hgp mang kha nhiéu ndi dung
thuyc té va lién mon, phong pht va da dang. Néu khai thac hgp ly thi ta 6 thé gitip hoc sinh
thém yéu thich toan hoc. Gitip gan két dugc cac ndi dung khac nhau cta toan va thay dugce
nhitng ing dung ctia toan hoc trong doi song.

Trén day 1a moét s6 kinh nghiém giang day chu dé phép dém c6 thé con mang tinh cha
quan ctia ban than tac gid. Rt mong dugc sy déng gop ctia thay, c6 gido vé chu dé.
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SU HOI TU CUA MOT SO DAY SO TRONG DE THI GIAI TicH
OLYMPIC TOAN SINH VIEN

TrAn Huynh Mai
Truong THPT Chuyén Nguyén Quang Diéu, Dong Thap

1 Cac khai niém can thiét

1.1. BPinh nghia 1.1

Day s6 (thuc) 1a mot ham sb xac dinh trén tap con cua tap sO tu nhién. V6i M C N, thay
cho ki hiéu

wM—=R

n —u(n)

ta thuong dung ky hiéu (uy,).

1.2. Dinh nghia 1.2.

Day sb (uy,) dugc goi la day tang néu u, < u,y1, Vn € N.

Day s6 (u,) dugc goi la day gidm néu uy, > u,1, Vn € N.

Day s6 (u,) dugc goi 1a day tang nghiém ngat néu u, < u, 1, Vn € N.

Day s6 (1) dugce goi 1a day gidm nghiém ngat néu u, > u, 1, Vn € N.

1. Nhan xét:

Néu (uy,) ting, (v,) tdng thi (u, + v,) tang.

Néu (uy,) gidm, (v,) gidm thi (u, + v,) giam.

Néu (uy,) ting thi (—u,) gidm. Va néu (u,) gidm thi (—u,) ting.

Néu 2 day (uy), (v,) ting (giam) thi (u,0,) ting (giam).

AL

Mot day c6 thé khong tang ciing khong giam. Vidu u, = (—1)", n € N.

1.3. Binh nghia 1.3.

Day s6 (u,) dugc goi 1a day bi chan trén néu ton tai hang s6 M sao cho u, < M, Vn.
Day ) (un) dugc goi 1a day bi chan dudi néu ton tai hﬁng s6 m sao cho u, > m, Vn.
Day s6 (u,) dugc goi 1a day bi chin néu né vira bi chin trén vira bi chan dudi.

1.4. Dinh I 1.1. Day s6 (u,,) bi chan khi va chi khi ton tai hang s6 ¢>0 sao cho |u,| < ¢, Vn
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1.5. Dinh nghia 1.4. Day s6 (u,) goi 1a hoi tu vé a, ki hiéu limu,, = 4, néu v6i moi ¢ > 0
cho trudc tuy y, ton tai so N sao cho voi moin > N deu ¢ |u, —a| < e.

limu, =a<Ve>0,AN:Vn>N, |u, —a| <e.

1.6. Pinh 1i 1.2. (Tinh duy nhét cta gi6i han) Gidi han ctia mot day hi tu 1a duy nhét.

1.7. Binh 1i 1.3. (Dinh li gidi han kep gitta). Cho ba day s6 (xy), (yx), (zx) thoa man

i/ dng € N :Vn > ng, zy < x5 < yy

ii/ Cac day (yn), (z) cung hoi tu dén a.

Khi do, day (x,) hoi tu va limx,= a.

1.8. DBinh 1i 1.4. (Tinh chét dai s6 ctia day hoi tu). Cho hai day héi tu (x,), (y,) va limx,
= a; limy,=Db. Khi do,

i/ Day (-x;) hoi tu va lim(-x,) = -a.

ii/ Day (|x,|) hoi tu va lim|x,| = |4

iii/ Day (x, + y») hoi tu va lim(x, +y,) =a +b.

iv/ Day (kx;) hoi tu va lim(kx,) = ka.

v/ Day (x,y,) hoi tu va lim(x,y,) = ab.

vi/ Véib # 0 thi day (%) dugc xac dinh tir 1 chi s6 nao d6, hdi tu va limyln = .

vii/ V&ib # 0 thi day (;—Z) duoc xac dinh tir 1 chi s6 nao d6, hoi tu va lim’y‘—z =£.

1.9. Dinh li 1.5. Moi day hoi tu déu bi chan.

1.10. Pinh 1i 1.6. (Pinh ly Stolz). Cho 2 day sb (x,), (y) dong thoi théa man cac diéu
kién

a) Yp4+1 > Yn VOi moine N*

b) limy, = +oo
¢) ton tai lim (ﬁ) =A

Khi d6, ton tai lim ;— = A.

1.11. Dinh 1i 1.7. (Dinh ly trung binh Cesaro)
Néu lim x,, = a thi lim w =a.

Dinh ly nay c6 thé phat bi€u dudi dang tuong duong nhu sau:

Néu lim(x,.1 — x,) = a thi lim’;—” —a.

2 Mot bai toan ap dung

C6 nhiéu phuong phap dé xét sy hdi tu ciia mot day sd, méi phuong phap déu cé nhimng
diém manh, dic trung riéng cho riéng minh nhu st dung dinh nghia va tiéu chudn Cauchy,
xac dinh s6 hang tong quat roi im gidi han, st dung tinh don diéu va bi chan, so sanh day
$0,...

1. (Olympic Toan sinh vién 2022)
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a/ Tim tat ca cac s6 nguyén duong n sao cho u, > 3/2.

b/ Chiing minh day s6 (u,) hoi tu.

Giai

a/ T dinh nghia u,11 = %—l—“'—i-%—i- ! P > G+ o+ 4 =u,Vn > 1 Suyra
Uyt > Uy, Vn > 1.

Vay (u,) la day tang.

Hon nita, do u = 1+ 1 = 3 nén tir tinh don diéu cta (u,) tasuy ra u, >3/2 < n >3

b/ St dung danh gid n! > n(n —1) déthay u, = L +---+ 5 < 1+%+---+m <
2,Vn > 2.

Vay (uy,) bi chan trén.

Str dung két qua cau a/ day (u,) ting va bi chan trén nén hoi tu.

2. (Olympic Todn sinh vién 2017) Cho day sb6 (x;,) xac dinh bdi

x1 = 2019
{ Xp1 =In(1+x,) — 12f;n,Vn € N*

a/ Chiing minh rang (x,) 1a day s6 khong am.
b/ Chiing minh réng ton tai s6 thue c€(0;1) sao cho |x, 11 — x| < ¢ |xy — x,1] YV > 2.
¢/ Ching minh rang (x,) c6 gidi han hiru han. Tim gidi han dé.

Giai
a/batf(x) =In(1+x) — 22+xx
Tacé: f/ (x) = —2—— >0,Vx > 0.

(I4+x)(24x)
Vay f don diéu khong giam trén [0;400). Do d6, f (x) > f(0) =0 Vx > 0.
Ma x1 > 0 nén (bang quy nap) x,1 = f (x,) xac dinh va khéng am véi moi n> 1.

b/ Tacé: (1+x) (24 x)* > x.4x = 4x? nén f' (x) = (1+x)x(—2+x)2 <1 Vx>0.

Vi thé, 4p dung dinh ly gid tri trung binh ctia Lagrange, ta c6:

F(6) = f @) = |f ()| lb—al < Lb—a| (1)véimoia, be [0;+0) (¢ & gitta va phu
thudc vao a va b).

Tir (1) suy 1a |Xy41 — Xa| = |f (xn) — f (x4-1)| < 1 |xn — x4_1| Vn > 2(diéu phai ching
minh).

c/

Cach 1: Ta sé chitng minh bang quy nap theo n > 1 rang |x,| < 52—}? (1)

(1) dung khin = 1.

Gia st n > 2 va (1) ding dén n - 1. Khi d6, theo (1) va gia thiét quy nap,

0= 0] = If (¥a1) £ (O)] < § [t — 0] < 20

Vay (2) dung v6i moi n> 1.

Tur (2) ta co 11111 xn = 0.
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Céch 2:
T b/ ta thy |x,41 — xx| < I |xs

Vi thé, véi moi n, pE N* ta co:
1 1
}xn—&—p - xn| < ZZ:I |xn+k - xn+k71| < 25:1 k2 |x2 xll 4n an—1 |x2 X1| 'erc]:l 4T <
% |xp — xq| 1% — 0,1 — 4o00. Vay (x,) la 1 day Cauchy nén né hoi tu.

Dat Llrf xn = a > 0. Chuyén cong thiic truy hoi qua gidi han ta dugc
n o

a=In(1+a)— 25 & g(x)=0; (3)trongdog(a) =x—In(1+x)+ 35 =x—f(x)
voi moi x > 0.
Dé thdy a = 0 thoa (3). Mt khac,
() =1 f (x) a y
x)=1-— x)=1-— >0Vx > 0.
g (1+x) 2+ 1)

Tir d6, g tang ngat trén [0; +o0). Vay a = 0la nghiém (khong am) duy nhét cta (3); suy ra
Jim 0 =0

3. (Olympic Toan sinh vién ) Cho day sb (u,) 1a ddy s6 xdc dinh béi u, = Yj_; & =
T4+ Hvn>1.

a/ Tim tat ca cac s6 nguyén duong n sao cho u, > %

b/ Chitng minh day s6 (u,)hdi tu.

¢/ Ching minh rang gi6i han cta day sb (1) 1a 156 vo t.

Giai

a/ Khang dinh (u,) don diéu tang.

Tir dinh nghia

Upi1 =1+ + 4 +( >4+ 44 =u, véimoin > 1.

n+1)
b/ Chiing minh day s6 (u,) hoi tu.

i/ Khang dinh (u,) bi chan trén.

St dung danh gid n! > n(n—1) taco

Uy :%—l—---—k% §1+ﬁ—|—-~+(n T < 2 v6i moi n>2.
ii/ Day sb (u,) don diéu ting va bi chin trén nén hoi tu.

¢/ Ching minh rang gi6i han cta day sb (1) 1a 156 vo t.
Phan chling, gia 51’1 gi6i han cua day 1a htru i, tac la
it

Nhan 2 vé véi n! ta di dén

” +1)' + ... = 7 véi m, n nguyén to cung nhau.

n! l+~~~+l + ! + ! +..=m—-1)m
S\ 1! n! n+l (n+1)(n+2) 7 o
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Vay S € N*. Tir day suy ra nS > 1, tic la (n+1)S - 1>5, tac la

1 1 s 1 1

12 mr2)(nt3) T adl il 2 7
Day la diéu vo ly.
Tai liéu

[1] Tuyén tap va ky yéu thi Olympic Toan sinh vién tur nam 1993 dén 2022.
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MOT SO UNG DUNG CUA TRUONG HUU HAN
TRONG CAC BAI TOAN DONG DU

Duong Thai Bao
Trudng THPT Chuyén Nguyén Quang Diéu, Dong Thap

Tém tat noi dung

Trong bao céo nay chung ta sé chi ra mét s6 ung dung cta truong hiru han Z,, F
khi giai cac bai toan dong du.

1 Kién thitc nén tang

Tix viéc dinh nghia modulo theo s6 nguyén 1 (khéac 0) da tao ra hai phép toan c6 tinh chét
(giao hoan, két hogp,...) tuong tu nhu phép cdng va nhan cta hai s6 thuc

atb=c+d (mod n)
ab=cd (mod n)

trong d6a = b (mod 1) va c = d (mod n). Do d6 néu b6 qua ki hiéu mod 7 thi gan nhu
chuing ta thiy hai phép todn nay thuc hién gidng nhu thuc hién trén tap s6 thuc. C6 ching
su khac biét 1a su ton tai cia phép chia (nhan véi nghich dao). biéu nay phu thudc vao tinh
nguyén t6 voi n. Pata la tap cac sO cung déng du vdi a theo modulo 7, Idc nay a dugc goi la
mot 16p 10p thing dur, Z, 1a tap hop tat ca cac 16p a. Tap Z,, cting v6i hai phép toan & trén tao
thanh mét vanh, dac biét khi n = p thi

Z,=1{0,1,...,n—1}.
trd thanh trugng. Hon nita, néu a khong 1a thang du chinh phuong modulo p thi

Fo={x+y/p:xy € Zp}

cung la mot truong hiru han.

13 mot s6 tai liéu van ki hiéu Z,, = {0,1,...,n —1}
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2 Mot s6 vi du minh hoa

Vi du 2.1 (VMO 2011). Cho day s6 {a, } théa man

apg=1,a1 = —1

a, = 6a,_1+5a,_1, VYn=0.
Chiing minh rang a1 — 2010 : 2011.

Gidi. Bay gio ta sé xét day {a,} trén truong Z, véi p = 2011. Ay thé, dé cho ngudi doc dé
dang tiép can, ching ta sé viét dudi dang dong du.

Xét phuong trinh dong du X?> —6X —5 = 0 (mod p), khi d6 (X — 3)? = 14 (mod p).
Ta dé dang kiém tra dugc 14 1a thing du bac hai modulo p (dung tinh chat ctia ki hiéu
Legendre). Ticla ton taia € {1,.. ., pT_l} sao cho 4> = 14 (mod p). Lic nay phuong trinh
dang xét c6 hai nghiém
X=3+a (mod p)

X=34+a (mod p)

Tiép theo ta xét day { X, } thoa X,, = c1(3+4a)" + c2(3 —a)" véi moin > 0, trong d6 ¢1, 2
1a hai s6 nguyén ta sé chon dé

Xo=1 (mod p)
X;=-1 (modyp)

Giai hé nay ta dugc

cg=%2% (mod p)
o = %= (mod p)

Bang qui nap ta dé dang chiing minh dugc rang
Xp+2 =6Xy41+5X, (modp) va a,=X, (modp), Vn=O0.
Tuy nhién, ta c6

Xp=c1(83+a)l +c2(3—a)?
=c1(34+a)+cy(s—a) (mod p)
_ (a—4;L(13+a) n (a+4;§3—a) (mod p)
-1 (mod p).

Vay a, — (p — 1) chia hét cho p. m
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Vi du 2.2 (IMO SL 2003). Cho day sO ag, a1, ay, . .. dugc dinh nghia nhu sau
a0 =2, a1 =242 —1 véimoik >0,

Chting minh rang néu p 1a udc nguyén t6 1é ctia a,, thi 273 1a ude ctia p? — 1.

Gidi. Xét phuong trinh a + % = 4, khi d6 ta chona = 2+ /3 kéo theo 1 =2 —+/3.Chay

rang

suy ra

Tiép tuc ta thu dugc

L - R Ve R R
n — - 7

> 0.
> 5 Vn >0

Bay gid xét udc nguyén t6 1é p ctia x,,. Vip | ap, = 2a§_1 — 1nén
2a?,_1 =1 (mod p)

kéo theo 2 1a thang du chinh phuong modulo p. Thé nén p = 41 (mod 8) hay 8 | p? — 1.

Néu 3 la thang du chinh phuong modulo p thi ta sé xét day {a,} trén trudong Z,. Mat
khac ton tai x € Z.p sao cho x? = 3. Khi d6

2 2" 4 (2 —x)?*
NCET) ;( 0% _,

N o 1 N
Vi2 — X = 5~ nénsuy ra

(2+x)2n+1 _ _1

ma 2 1a thang du chinh phuong nén ton tai y € Z,, sao cho y?> =2,suy ra

4 2 2
Pty +2x:(x+1) _ (14« .
2 2 Y
1
Détz:ﬂ,tacé
27— 1 va 27 =1

Luc nay ord(z) = 2/ v6ii < n+ 3. Néui < n + 2 thi ta binh phuong hai vé z' = 1 cho dén
khi nao bang véi n + 2 ta sé gdp ngay mau thuan. Vi thé ord(z) = 2"+3. Vay 23 | p — 1, suy
ra diéu phai chitng minh.
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Néu 3 khong 1a thang du chinh phuong thi ta sé xét day {a,} trén truong
F, = {u+ oV3lu,v € Z,}

Via, = 0nén

2+V3)* +(2-v3)* =0
ma2—+/3 # 0 trén lez nén

on+1

(2+v3)" =-1

Mat khéc, 2 = y? = (y + 0v/3)? nén 2 ciing la s6 chinh phuong trong F . Datz = %g, khi

d6 22""* = —1. Lap luan tuong tu nhu trén ta ciing c6 ord(z) = 2713, Vi thé 2713 | p2 — 1.

Vay ca hai truong hop ta déu c6 diéu phai chiing minh. O

3 Bai tap dé nghi

Bai tap 3.1. Cho day sb (a,) thoa man

apg=1,a1 =4
Aps1 = 2ay +3a,_1, Yn>=1
Ching minh rang trong day s6 trén khong c6 s6 nao la bdi cta 2017.
Bai tap 3.2 (China TST 2008). Day s6 {x,} dugc dinh nghia x; = 2,x0 = 12 va x4 =
6Xy+1 — Xn, vOi moi 7 > 1. Goi p 1a s6 nguyén t0 1¢, g 1a udc nguyén to cta x,. Chung minh
rang néu g # 2,3 thig > 2p — 1.
Bai tap 3.3 (Singapore National Matematical Olympiad 2019). Cho p = 2 (mod 3) la sb
nguyén t6, k 1la mot s6 nguyén duong va da thic
2p—1 1
P(x) = 3x75 +3x fx+1.
batS = {0,1,---,p — 1}, v6i mdi s6 nguyén n, ta ki hiéu R(n) 1a s6 du cta n khi chia cho p.
Tai mbi budc ta chi c6 thé thyc hién mot trong hai bién déi sau
i) thay moi phan ttr i thudc S béi R(P(i)), ii) thay moi phan tir i thudc S béi R(i*).
Xac dinh s6 nguyén duong k sao cho ton tai hiru han budc bién déi S vé {0}.

n_gn
(a—l—lzl a1y

Bai tap 3.4 (China TST 2006). Tim tat ca cac cap s6 nguyén duong (a,n) sao cho

mot mot sO nguyén.
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Bai tap 3.5 (Korea National Olympiad 2019). Cho p la s6 nguyén t6 dang 7k + 1. Chung
minh rang ton tai s6 nguyén duong m sao cho m® + m? — 2m — 11a bdi cia p.

Bai tap 3.6. Cho p la s6 nguyén t6 dang 7k — 1. Chiing minh rang ton tai s nguyén duong
m sao cho m>® +m? — 2m — 11a bdi cta p.

Bai tap 3.7 (China MO 2006). Cho céac sb nguyén duong k, m, n thdéa mn = k? + k + 3. Ching
minh rang ton tai it nhat mot trong hai phuong trinh x? + 11y? = 4m va x> + 11y? = 4n c6
nghiém lé.

Bai tap 3.8 (Iran Mo round 3 2005). Cho k 1a mot s6 nguyén va p = 3 (mod 4) la mot sb
nguyén to, chung ta dinh nghia day {a,}°_, nhu sau

a0=0, @y =1, a,=2ka,_1— (K +1a,_o (n>2).

Chiing minh rang
a) 4,21 = ay (mod p).
b) a,, 5, =ay (mod p?).

Bai tap 3.9 (Iran MO round 3 2014). Chiing ta goi hai bo s6 nguyén A = (ay,...,a,) va
B = (by,...,b,) la trao d6i néu 503 | a; — b; v6i moi 1 < i < n, khi d6 ta ki hiéu A ~ B. Bén
canh d6 vdi moi s6 nguyén duong r ta dat A” = (a}, a}, . . ., a},). Ching minh rang ton tai cac
s6 nguyén duong k, m sao cho - k > 250,

- tOn tai cac hoan vi khac nhau 7y, ..., 7 cta (1,...,502) sao cho véi moii < k — 1 thi
7T~ T

Bai tap 3.10 (VMO 2020). Cho day s6 (a,) xac dinh b&i a; = 5,a, = 13 va
Apio = Say41 — 64, véimoin > 2

Ching minh rang néu p 1a udc nguyén t6 ctia ay thi p — 1 chia hét cho 28! véi moi s6 tu
nhién k.

Bai tap 3.11. Cho k 1a s6 nguyén duong va day sb {x,} thoa
Xg = 1, X1 = 3
Xpt2 = 6Xp41 — X, YN 20 .

Goi p la u6c nguyén t6 1é ctia xy. Ching minh rang 2 la thang du chinh phuong mod p va
2k+3 1a wéce ctia p — 1.
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Tai liéu
[1] Z.X. Wan, Lectures on Finite Fields and Galois Rings, 2003.

[2] D. T. Bdo, Bai gidng s6 hoc danh cho hoc sinh va gido vién chuyén toin, NXB PHQG Ha Noi,
2023.

[3] https://artofproblemsolving.com/community
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AP DUNG TINH CHAT SO HOC KHAO SAT DAY SO

Nguyén Dinh Thuc
Truong THPT Chuyén Lé Quy Do6n, Binh Dinh

Tém tat noi dung

Chung t6i gi6i thiéu mot sé 4p dung s6 hoc trong khéo sat day sb.

Chu dé St dung phuong phap S6 hoc dé khao sat tinh chat Day s, 1a chu dé hay;
thuong xuét hién trong dé thi hoc sinh gidi Qudc gia va Quéc té. Sang kién nham trinh
bay viéc stt dung phuong phap S6 hoc khi xét cac loai Day s6 phtic tap hién nay.

1 Day s6 nguyén sinh béi da thic

Véi 2 sb nguyén a;b (b #0); khi chia a cho b ta ¢c6 a = bq + r. Thuat toan Euclid xac
dinh ged (a;b) = gcd(r; b). (trong d6 ged(a;b) 1a udc chung 16n nhat ctia 2 s6 nguyén
a; b). Phat trién thuat toan trén ta c6 thuat toan “ kiéu O-clic” dung dé xac dinh udc sb
chung ctia cac s6 hang trong cac day s6 nguyén (u,,) c6 dang ham da thitc va ham s6 ma.

Ta 1an lugt st dung ky thuat nay trong cac bai todn sau day.

Bai toan 1. Cho day s6 (uy) u, = n® +1; ¥n € IN* . Tim tat c cac s6 nguyén duong d 1a
udc s6 chung ctia hai s6 hang lién tiép u, va u,1 ; v6i n la mot s6 nguyén duong tuy y.

Loi gidi. Goi d 1a udc s6 chung ctia uy, va u, 41 Do (n + 1> +1=(n2+1)+2n+1, suy
ra ged (uy ; uyy1 )=ged(uy ;2n+1) Khi d6 d 1a wdc s6 ctia 2n+1 (*) , suy ra d la uéc sb ctia
(2n+1)2 Do (2n + 1)2 =4(n>+1) +4n—3,suyra d la udc sb ctia 4n-3 (**) Tir (*) va (**)
,suy ra d1a udcsb cua 5 (do4n —3 = 2(2n + 1) — 5 ) Thit lai khi cho n=2 thi d=1; d=5
déu théa man

Bai toan 2. Cho day s6 (up) Uy = n3+a; Vn € N*.Co hay khong mot s6 nguyén a ma
ton tai hai s6 hang lién tiép u, va u, 1 c6 udc s6 chung la 3.

Loi gidi. Goid 12 udc sb chung ctia i, va 1,41 Do (n+1)° +a = (n® +a) +3n2 +3n+1
, suy ra ged (uy ; tyiq )=ged(uy ; 3n2 +3n + 1) Khi d6 d la ude sb cta 3n2+3n+1 (),
suy ra d la udc s6 ctia 3n3+3n2+n Do 3n° + 3n* + n = 3(n® 4+ a) + 3n> +n — 3a, suy
ra dla udc sb ctia 3n® +n — 3a (**) Tir (*) va (**) , suy ra d la udc s6 ctia 2n+3a-1 (***)
Khi d 1a uéc s6 ctia 3n2+3n+1 (*), suy ra d la udc s6 cta 6n2+6n+2 Do 612 + 61 +2 =
2(3n® +n—3a) +4n+6a+2,suyra dlaudcsd ctia dn + 6a + 2 () Tir (***) va (**),
suy ra d 1a udc s6 ctia 4 Cho d=3 thi 3 1a udc s6 ctia 4, v6 ly. Vay khong ton tai s6 nguyén
a dé hai s6 hang lién tiép u, va u, 1 c6 udc s6 chung la 3

Bai toan 3 (Olympic Iran-ndm 2017-2018). Cho trudc s6 nguyén t6 p 1é. Ton tai hay
khong mot day sb (u,) gdm cac sb nguyén duong ma p khong la udc sb6 chung cia ca
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hai s6 uy, + m va u, + n v6i moi sb nguyén duong m<n.

Up+m=pn—n+m+1

Um +1n = pm —m +n+1
udc s chung ctia uy, + m va iy, + n nén p la ude sé cta 2(n-m) Theo gia thiét p 1é nén p
1a u6c 56 ctia n-m Do p 1a udc s6 ctia uy, +m = pn —n+m + 1 suy ra p=1; vd ly Vay chon
(t4y) uy = pn —n + 1 thi p khong la udc s6 chung ctia hai s6 u, + m va uy, + n Nhan xét
Gia st ton tai hai s6 nguyén duong m<n dé p 1a udc sé chung ctia u,, + m va u,, +n . Khi
d6 p 1a udc s6 ctia uy — Uy +m —n . Suy ra u, — uy, =(m-n)(pk-1). Tir day ta c6 cach xay
dung day s trén

Loi giai. Chon u, = pn —n +1thi { Gia st nguoc lai p 1a

Bai toan 4. Cho day sb (un) un = = 4n? +1; ¥n € IN* . Chiing minh rdng véi cac sb
nguyén duong n c¢6 udc s6 nguyén to p 1a 2 hodc c6 dang 4k+3 thi un sé khong chia hét
chon.

Loi gidi. Do n c6 udc s6 nguyén t6 p nén ta chi can chirng minh un khéng chia hét cho
p Truong hop p=2 thi un khong chia hét cho p Truong hop p=4k+3, suy ra ged (2n; p)
=1. Theo dinh Iy Fer-mat ta c6 (2n)" ' = 1(modp ) . Suy ra (2n)%+2 = 1(modp ) (*).
Gia st nguoc lai un chia hét cho n, khi d6 (211)2 = —1(modp ) (**) Tu (*) va (**) , suy
ra (—1)*" = 1(modp ) . Suy ra p=2, v6 ly. Vay un s& khong chia hét cho n. Nhan xét
néu mot s6 p nguyén t6 thi p=2 hodc p=4k+1 hodc p=4k+3. Vay s6 nguyén t6 p c6 dang
p=4k+1 thi c6 thé un chia hét chon

Bai toan 5. Cho day s6 (u,) uy = 2" — 1;¥n € IN* . Ching minh rang vdi 2 s6 nguyén
duong m;n nguyén to cung nhau thi hai s6 hang u, va u,, cing nguyén to cung nhau

Loi gidi. Ta théy Uy =2"—1;, u, =2"—1.Goid la udc s6 chung lon nhat cta u,
va uy, . Khong mét tinh t6ng quat ta gia st n> m. Khi chia n cho m ta c6 n=mql+rl ;
0<rl<m Do 2" —1 = (2")72" —1 = [(2™)T —1] 2" + 2" — 1.Ta ¢6 suy ra ged (uy ;
U )=ged (tp; ur, ) Tiép tuc chia m cho r1 ta ¢c6 m=r1q2+ 12 ; 0< r2< rl. Ta c6 ged(um; uy,
)=gcd (uy, ; ur, ). Qua trinh trén duogc thuc hién dén khi rk#£0; rk+1=0 suy ra rk=gcd
(n;m)=1 Khi d6 d 1a udc sb ctia u,, . Suy ra d la udc s6 ctia u; = 1 nén d=1 Vay hai sb
hang u, va u,, nguyén t6 cing nhau

Bai toan 6. Cho day sb (u,) u, = 2" — 1;¥n € N* . Chitng minh rang v6i moi s nguyén
duong n ta déu c6 s6 hang u, khong chia hét cho n.

Loi gidi. Ta chi can chiing minh u,, khong chia hét cho mét uc nguyén t6 nao d6 cia n.
Goi p 1a udc sb nguyén t6 bé nhat ctia n;
Néu p=2,Vn € N*;u, = 2" — 1 khong chia hét cho 2.
Néu p>2, p 1a udc s6 nguyén t6 bé nhat ctia n nén n khong chia hét cho p-1.
Vi vay ta c6 ged(n;p-1)=1.Theo thuat toan O-clic, ton tai x;y nguyén dé 1=nx+(p-1)y.
Suy ra 2! = (2")". (2p_1)y(*) . Trong d6 theo dinh ly Fer-mat c6 2°~! =1 (modp).
Gia st ngugc lai u, chia hét cho p thi 2" =1 (modp).Tix (*) suy ra2 = 1 (mod p), Vo

Vay moi s6 hang u,, déu khong chia hét cho n.

Nhan xét. Bai toan nay str dung hai két qué sau day

-S6 nguyén a chia hét cho b thi a chia hét cho moi udc so nguyén t6 ctia b.

- Néu hai 6 a;b nguyén t6 ciing nhau thi ludn c6 cdp s6 nguyén x;y ma ax+by=1.
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Bai toan 7. Cho day s6 (u,) uy = 2% 4+ 1;Vn € IN* . Ching minh rang véi 2 sé nguyén
duong m;n phan biét thi ta c6 hai s6 hang u,, va u,, nguyén t6 cting nhau.

Loi gigi. Ta co

U, =22 +1;¥n € N*; 22" —1=222"_1 = <22"71 + 1) (22%] — 1) ,suyrau, —2 =
Un—1 (Up1—2) = oo = Up1Up—2en... (g —2) = Bupy_1.Up—23...... 1 (*) Khong
mat tinh tong quat ta gia stt n> m. Khi d6 m=n-i, suy ra u,, = u,_; Goi d 1a udc so chung
16n nhat ctia u, va u,, . Do (*)nén d 1a udc sb ctia 2 Ma u, va u,, 1a cac s6 1é nén d=1. Vay
hai s6 hang u,, va u,, nguyén t6 cing nhau

Bai toan 8. Cho day s6 (u,) u, = 2" — 1;Vn € IN*. Ching minh rang véi hai sb nguyén
duong m;n ta 6 u, = 0(modu?2,)(x) < n = 0(mod mu,y, ) (+*)

n

, 1
Loi gidi. Ta thdy (x) & Z— = O(mod 2" —1); (x) & % = 0(mod 2" —

1) +Xét chidu ddo. Ta ¢6 n=mk(@m-1) Khi d6 2" —1 = 2m@"-1) _1 = (2m —
n__
1)@k k1) g ogmk2 k=) 12" 1), suyra oL = (k2 ke)

om —1
omk2"=k=2) 4L 42" 4+1) Do 2" = 1(mod 2" — 1); 22 = 1(mod 2" — 1);

.................................. ; 2mk2"=k=2) = 1(mod 2" — 1); 2’”(_2 —k=1) = 1(mod
-1 5
] = k2™ —k = 0(mod 2™ — 1) +Xét chiéu thuan. Ta can ching
minh 2 buéc Bude 1 chiing minh n chia hét m That vay néu n=mk+d véi O<d<m . Khi
d6 2" —1 = 2mk24 1 = 24(2mk — 1) 429 — 1 (a) Theo gia thiét suy ra 2" — Ichia hét
cho 2™ — 1 (b) Tix (a) va (b) suy ra 2¢ — Ichia hét cho 2" — 1 v6 ly vi O<d<m Vay d=0 va
2 P . n . A A A .2 < A 2n - ]- ka - 1

n=mk Budc 2 chirng minh p” chia het 2" — 1 That vay theo gia thiet T e
gmlk=1) yopm(k=2) 4 +2"+1=0(mod 2™ — 1), suy ra k = 0(mod 2™ — 1) (c).
Do n=mk, suy ra k = % (d). Tix (c) va (d), suy ra % chia hét 2" — 1

Xac dinh s6 hang chinh phuong; 1ap phuong diing ta cé thé dung cach so sanh véi
cac sb chinh phuong, 1ap phuong lién tiép. .. hoac tinh chat chia hét 4> = 0;1 (mod3);
a’> = 0;1 (mod4); a> = 0;1;4 (mod5)... Phuong phap nay c6 thé giai va sang tac cac
bai toan day s6 (u,) dang u, = P(n); u, = aPM):n € N* ; v6i P(n) 1a da thic c6 hé sb
nguyén.

2" —1),suy ra

Bai toan 9 (Olympic Tay Ban Nha- ndm 2017-2018). Cho day s6 (u,) u, = n; Vn € IN* .
Tim cac gia tri n sao cho s6 hang thit 2n+1 1a s6 chinh phuong va cac s6 hang c6 thu tu
tir 2n+2 dén 3n +2 déu la s6 khong chinh phuong.

Loi gidi. Gid st s6 hang thit 2n+1 1a s6 chinh phuong 21 + 1 = 4a?;a € Z (*) Cac s6 hang
6 thit tu tir 2n+2 dén 3n +2 déu la s6 khong chinh phuong , suy ra 3n +2 < (a + 1)

(a+1)2 2—-V5<a<2++V5=a=1,23;4

Thé vao (*) ta c6 a=3 va n=4. Thir lai 9 1a s chinh phuong nhung 10;11;...;14 déu khéng
chinh phuong. Nhan xét y tudng bai todn nay 1a cac sb nguyén nam glua hai 56 chinh
phuong lién tiép sé khong chinh phuong. Cling véi y tudng nay ta cé thé sang tac cac bai
toan tuong tu sau day.

Bai toan 10. Cho day s6 (u,) u, = n% +3n +5; Vn € N* . Chiing minh rang v6i moi sd
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nguyén duong n ta ludn co6 u, la s6 khong chinh phuong

Loi gidi. Gid s u, 1a s6 chinh phuong thidu, = (2n + 3)2 + 11 cling 1a s6 chinh phuong
(*) Do (21 + 3)* <duy < (2n+ 4)*>ma (2n + 3) (21 + 4)* 122 s6 chinh phuong lién tiép
,suy ra 4u, la s6 khong chinh phuong . Diéu nay trai voi (*) VAy u, la sé khong chinh
phuong

Bai toan 11. Cho day cac s6 nguyén duong lién tiép 1;2;3;.....Ta thiét lap day sb moi
bang cach bo di cac s0 chinh phuong. Xac dinh s6 2020 la s hang thi méay ctia day s6
moi vira 1lap? va s hang tha 2020 c6 gia tri bao nhiéu trong day mdi lap nay?

Loi gidi.

+Ta c6 .44% = 1936 < 2020 < 45° = 2025.Vay tir 1 dén 2020 ta c6 44 s6 chinh phuong

Suy ra s6 2020 la s6 hang thit 2020-44=1976

+ Xét day s6 méi sau s6 2020 dén s6 chinh phuong dau tién 45° = 2025 c6 4 s6 khong
chinh phurong; sau 45% = 2025 dén s6 chinh phuong tiép theo 46° = 2116 ¢6 90 s6 khong
chinh phuong 1a 2026; 2027,. ... . ;2115 s6 2024 1a s6 hang & vi tri thir 1976+4=1980, s6 2026
1a s6 hang & vi tri tha 1981

Vay s6 hang & vi tri thit 2020 ¢6 gia tri 1a 2026+39=2065

. n
Bai toan 12. (Olympic England-nam 2017-2018) Cho day so (u,) uy, = . n3; ¥n € IN* (*).
i=1
Ton tai hay khong hai s hang tha m ; tha 2m cua day s6 trén ma hiéu 1a s6 chinh phuong

Loi gigi. Gia su ton tai sb hang um,uZm cta day trén ma hiéu la s6 chinh phuong

2 2 2
P ) (2m +17° (m4+ 1)? ’Z (5m +3)(3m + 1) ged(5m+3;3m+1)=

gcd(2m+2;3m+1)= gcd(2m+2 m-1)= gcd(4;m-1) Vay ged(5m+3; 3m+1)€ {1,2;4} Truong

hop gcd(5m+3;3m+1)e {1;4}; ta can diéu k1en{ g:Zi? : Z2 ;a;b € Z Ma a?
0;1;4 (mod5) nén truong hop nay khong xay ra Truong hop ged(5m+3;3m+1)e {2};

5m + 3 = 24>
3m+1=2p2""
Ma 2b? = 0;2 (mod3) nén trudng hop nay cting khong xay ra

Vay khong ton tai hai s6 hang u,,; us,, cia day s6 trén ma hiéu 1a s6 chinh phuong
Nhan xét Néu hai sb a;b c6 gecd (a;b)=d thia va b chinh phuong khi

ta can diéu kién{ a,be”Z

+ 2' g chinh phuong , néu d chinh phuong
t Z la tich ctia d v6i mot s6 chinh phuong , néu d khong chinh phuong

Bai toan 13. (Olympic Putnam-ndm 1917-1918) Cho day O (up) uy = n® + an + bn +
c; Vn € IN* (%). Chvmg minh rang véi moi sb nguyén duong a;b;c luén tim s6 nguyén
duong n sao cho u, 1a s6 khong chinh phuong

Loi giai. Uy la s6 chinh phuong thi u, = 0;1 (mod4)

Suy ra néu u, va Un 1a so chinh phuong thi u,, — u, = 0;1;3 (mod4) (1)

Gia st ngugc lai ton tai s6 nguyén duong a;b;c ma moi s6 nguyén duong n ta c6 u, la
s6 chinh phuong. Xét uy — uy = 2b (mod4); uz — u; = 2b+ 2 (mod4) (2)

Tir (1) va (2) suyra2b = 0(mod4); 2b+2 = 0(mod4) . Vay 2 chia hét cho 4 (v6 ly)
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Bai toan 14. (Olympic Bungari-ndm 2001) Cho day cac khdi lap phuong véi do dai cac
canh la cac s6 nguyén duong lién tiép 1;2;3;.....Ton tai hay khong 3 khoi 1ap phuong ctia
day trén ma téng thé tich bang 2020 don vi do.

Loi gidi. Gia st ton tai 3 khoi 1ap phuong canh a;b;c ma tong thé tich bang 2020 don vi
do Tong thé tich 3 khéi 1ap phuong nay 1a a® + b® + ¢®. Ta c6 a®> = 0;1 ; —1(mod9) Khi
chia a® + b> + c>cho 9 thi s6 du ¢6 thé 1a 0;1,2;3;6;7;8 Khi chia 2020 cho 9 thi s6 du 1a 4
Vay khong ton tai 3 khi lap phuong canh nguyén c6 tong thé tich bang 2020 (dv do)

Bai toan 15. Cho day cac s6 nguyén duong lién tiép 1;2;3;... ..

a/ Ton tai hay khong k s hang lién tiép cﬁa day sb trén ma chling déu 1a hgp s6

b/ (IMO-nam 1989). Ton tai hay khong k s6 hang lién tiép cua day s6 trén ma trong
ching khong c6 s6 nao 1a s6 nguyén t6 hodc liy thira ctia mot sd nguyeén to.

Loi giai.

a/ Ta c6 (k+ 1)! chia hét cho tat ca cac sb tir 2 dén k+1. Khi d6 (k + 1)! + 2 chia hét
cho 2; (k+1)! + 2 chia hét cho 2;... (k+ 1)! + k + 1 chia hét cho k+1;

Vay k s6 hang lién tiép ctia day s6 ta vira chon déu la hop sd

b/ Tuong tu cau a ta 6 ((k+ 1)) +2; ((k+1)1)* +3;...;((k+1)!)* + k+ 1 déu la
hop s6

Gid st ¢6 mot sb nao do trong k sd nay la liy thira cia mot s6 nguyén to p
(k+1))>+i=p";ie {2;3;...;k+1} . Do ((k+1)! ) +i tiva((k+ 1)) 4i> i,
suyra i=p (1<r<m)(. Mat khac p"|((k+1)! )2 va prtl|pm suy ra p"*! i .

Diéu nay trai v6i (*). Vay khong c6 so nao trong k s6 vira chon la s6 nguyeén t6 hodc
lay thtra cia mot sb nguyén to.

Bai tap ap dung
Bai 1. Cho (uy) u, = n® —n;Vn € N*.Tim n € N* va n>9 bé nhat dé u,, = 0 (mod 5 !)
Bai 2. Cho

uy) uy = 100";¥n € IN*. Tim n 16n nhat dé 2013 ! = 0 (modu,,)

(14n)

(14n)
Bai 3. Cho (uy) u, = n® + 4n? — 48;¥n € N*.Tim n € IN* bé nhat dé u,, = 0 (mod 125)
Bai 4. Cho (uy,) uy = 2n%* — 11n +15.;Vn € N*. Tim n € IN* 16n nhat dé50! = 0(mod u,, )
Bai 5. Cho (u,) u, = 3" — 1.;Vn € IN*. Tim n bé nhat dé u,, = 0 (mod22%0?)

Bai 6. Cho day s6 (u,) uy = 2"1 —1;Vn € N*;n # 2 a/ Chitng minh rang ton tai hgp n
dé u, = 0 (modn) b/ Chitng minh rang c6 vé han hop sé n dé u,, = 0 (modn)

2 Day so nguyén truy hoi bac k
Déi véi day s6 dang un =an +bn +cn+...Bang cach xac dinh quan hé cﬁa un;un-1;
un-2;.. ta c6 cong thirc truy hoi un =P(un-1 ; un-2 ;..) véi da thic P(n) c6 hé sb nguyen

Khi xét dong du ctia un-1 ; un-2 ;.. ta 6 thé xac dinh tinh chia hét ctia un. Y tudng giai
quyét nay van dung rat tot cho 16p bai toan sau day.
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Segoz -~z 1
Bai toan 16. Cho day so (uy) u, = 23

L) v e

a/ Ching minh rang Vn € IN* ta déu c6 u, € Z
b/ Ching minh rang Vn € IN* ta déu c6 u, khong chia hét cho 3.

Loi giai.

a/ Tinh truc tiép ta duoc két qua u, = 4u,_1 — uy—z; Vn € IN*(*)

Do uy =1; up =4nguyén. Gid st u,_1; u,—p nguyénva u, = 4u, 1 — u,_o ,suy ra
U, nguyén

Theo nguyén ly quy nap u, € Z;vn € N* b/ Tacé u, = 4u,_1 — u,_o; Vn € IN*

,suy ra Uy, = Uy_1 — Up_2(mod3) , suy ra uu43 = Upio — Uyl = (Upy1 — Un) —
Uy = —uy(mod3)
Vay uy16 = —Ulpy3 = Uy(mod3).

Suy ra i, ¢x = Uy(mod3) ma 2020=4+6.336.
Vay Uz = ug = 2(mod3) = a = 2(mod3)
n n
. A B 1++5 1-v5\ | .
Bai toan 17. Cho day so (uy) u, = % ( 5 ) - ( 5 ) ] ; Vne N
a/ Ching minh rang u, € Z;¥n € N*
b/ Ching minh rang 7 = 0 (mod3) < u, = 0 (mod2)

1

Loi giai.

a/ Tuong tu bai todn trén ta tinh dugc u, p = 41 + Uy Yn € IN* (¥) Bi?mg phuong
phap ching minh quy nap ta cé u, € Z;Vn € IN*

b/ +Khi n=3k ta ching minh u,, = 0 (mod?2).

That vay k=1 ta c6 u3 =2 = 0 (mod2). Gia st u3, = 0 (mod2) (1)

Xét uzp 43 theo dé toan ta c6 uzpi3 = Uspio + Uspr1 = 2uzp1 + Uzp (2)

Tix (1) va (2) suy ra uzp;3 = 0 (mod2).

Theo nguyén ly quy nap ta c6 uz = 0 (mod2);vk € IN*, suy ra khi n=3k thi u,
=0 (mod2);Vn € IN*.

+Dé chiing minh chiéu nguoc lai ctia bai toan ta cho u, = 0 (mod 2) (*) xét n=3k+1.Ta
c6 u1=1 khong chia hét cho 2. Diéu nay khong thoa (*).

Theo dé todn ta cd uzp+4 = Usp3 + Uspr2 = 2Usps2 + Uspi1.

Suy ra neu uzy, 1khong chia het cho 2 thi u3, 4 khong chia het cho 2.

Theo nguyén ly quy nap ta c6 khi n=3k+1 thi u,, khong chia hét cho 2; Vn € IN*

Xét n=3k+2 ta c6 up=1 khong chia hét cho 2. Diéu nay khong thda (*).

Theo dé toan ta c6 U3py5 = U3pig + Uspy3 = 2Uspy3 + Uspio.

Suy ra néu uz,4» A0 (mod2) thi us,ys £ 0 (mod2).

Theo nguyén ly quy nap ta c6 khi n=3k+2 thi u, £ 0 (mod2);Vn € IN*.

Vay u, =0 (mod2) = n =0 (mod3).

Bai toan 18. Cho day s6 (uy) u, = 2" + (3 + ﬁ)n + (3 - \@)n; Vn € IN*
a/ Ching minh rang u, € Z;¥n € N*
b/ Ching minh rang 020 — Uap19 + 2Uz01s = 0 (mod?7) ;

Loi gidi.
a/ Khai trién nhi thitc New-Ton cac hang tir , rut gon ta ¢6 u, € Z;¥n € N*
b/ Béng cach tinh truc tiép ta co uy 43 = 8uyyp — 19uy 41 + 14u,; Vn € IN*
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Thuc hién phép chia cho 7 ta ¢6 uy+3 = Uyt + 2uy+1(mod7); Vn € IN*

Cho n=2017 ta dudc uspo — Uzo19 + 2usp1s = 0 (mod7)

Déi véi day ) dang un =P(un-1 ; un-2 ;..) ;v6i da thic P(n) c6 hé s nguyeén, ta bién
déi dua vé dang un =ank +bnk-1 +... hodc un =an +bn +cn+... Tir d6 xac dinh tinh chia
hét ctia un . Minh hoa cho phuong phap nay ta 1an luot xét mot s6 vi du sau day.

s . ~ 2 uy = 30
Bai toan 19. Cho day SO (ul’l) { u%+1 + un(un + 8u, + 16) — 2un+1(un +4du, + 8), Vn € N*
(*)
Chung minh rfing khin =1 (mod 5) thi u, =0 (mod10) Vn € IN*

Loi gidi. Bién déi gia thiét c6 [ s 1321 :_ g:l L1g T ENT
Truong hop 1 u,+1 = u,;¥n € N* suyrau, = 1y = 30;¥n € N*. Vay u,, = 0 (mod 10)
Truong hop 2 uy,11 = u, +8n+16 ;Vn € N* ,suy ra u, = 4n? + 12n+ 14 =
(2n+3)* +5; Vn € N*
Don =1 (mod5), suy ra n=5t+1
Khi d6 2n+3=10t+5 , suy ra u, = (10t +5)* +5 = 0(mod 10); Vn € N*
Tom lai u, =0 (mod10) khin =1 (mod5)

Bai toan 20. Cho day s6
() { s *)
Upir1 (12 4+1) +1 =2u3 — u? +2u,; ¥n € N*
a/ Tim s6 nguyén t0 p sao cho u, = 0 (modp)
b/ Chitng minh rang c6 v6 sb s6 hang ctia day trén thod u; = 0 (modk)

Loi gidi.
a/ Bién déi gia thiét c6 (w41 — 2uy + 1) (43 + 1) = 0;Vn € N*
Do u% +1>0; Vn € N* nén uy, 41 = 2u, — 1, Vn € IN* ,suy ra Vn € IN*
Theo gia thiét u, = 0 (mod p)
Néu p=2 thi (**), suy ra 22 + 1 = 0(mod2) (v6 ly) Vay p la s6 nguyén t6 1&; khi do6
ged(2;p)=1.
Theo dinh ly Fer-mat ta ¢6 2¥ = 2(mod p)
Vay 3 = 0(mod p) suy ra p=3.
b/ Ta c6 nhan xét khi 2" + 1 = 0(modn) thi 22'*! +1 = 0(mod 2" + 1) (*)
That vay theo gia thiét 2" +1 = 0(modn) ,suyra 2" +1=t.n;t1é
Xét22' 1 41 =2t 1= (2" +1)(2"tD —27(t-2) ... 1 1) = 0(mod 2" + 1)
Vay (*) ding .
Tiru; =3 =21+1=0(mod1) va dua vao (*) tac6 22 1 + 1 = 0(mod 2! + 1)
Tic 1a uz = 0(mod3).
Ct tiép tuc ly luan trén ta c6 vo sb6 hang ctia day thod u; = 0 (modk)

<. . ~ A Uy =2 %
Bai toan 21. . Cho day so (uy) { sy = ity +21° — 31 — 30 —1; Vn € IN*( )
N £ p-1 2 .
Chung minh rang khi p nguyén t6 thi 2012 Y u; = 0(modp) Loi giai Bien doi gia
i=1
2 / p—1
thiét c6 u, = 3" — n%; ¥n € N* Ching minh khi p nguyén t6 thi 2012 Y~ u; = 0(mod p)
i=1
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-1
Truong hop p=2 thi 2012 ¥ u; = 2012.u; = 2012.2 = 0(modp)(1) Truong hop la sb
=1
) —1 l p-1 p-1 3
nguyén 6182012 ¥ u; = 2012. Y (31 — %) = 2012 Y. 31—2012 'V xetke + +(p—k°=
i=1 i=1 i=1 i= 1

p® — 3kp? + 3k*p = 0(modp) Cho k chay tir 1 dén p-1; ta c6 2 Z > = 0(modp). Suy
i=1
p—1_
2012y B = — 0(modp) (*) Mt khac 2012 "3 20123, 337
i=1 i=1 -

Néu p=3 thi 1006. 3(37" 1 —1) = 0(modp) Néu p>3 theo dinh ly Fer—mat 63t —1=

= 1006.3. (3P—1 ~1)

0(modp). Suy ra 2012 Z 3" = 0(mod p)(**) Tix (*) va (**) suy ra 2012 Z u; = 0(modp)
i=1

i=1
p , p—1
khi p nguyén to 1é (2) Tir (1) va (2) khi p nguyén to thi 2012 }_ u; = 0(modp)
i=1
uy = 7;upy = 50;
Uyio = 4uy, 1 + 5u, — 1975; Vn € IN*
Chiing minh rang u1996 = 0(mod 1997)

Bai toan 22. Cho day s6 (uy) {

Loi gidi. Bién d6i gia thiét 6 0 = 41,41 + 5, — 1975 & Uy o = 4uuyq + 5uy +22 —
1997

Xét (v,) v1 = 7,02 = 50; V42 = 4vy, 11 + 50, +22; Vn € IN .

Ta c6 v, = U, (mod1997)

bat w, = 4v, + 11 ta c6 w1 = 39, wy = 211; wy 4o = 4wyq + 5wy, Vn € N*

8 25 8 25
Suy ra w, = 5(—1)" + ?5” = W99 = 3 + ?519%

Do (51%% — 1)11997; (519% — 1):3 = (519% — 1):3.1997
Vay w1996 = g + %(3.199% +1) = 25.1997k 4 11

Suy ra 4v1996 + 11 = 11(mod 1997) = v1996 = 0(mod1997)
Vay v1g996 + 11 = 11(mod1997).

Bai toan 23. (VMO- nam 2020) Cho day s
(u ){ u1:5;u2:13;
" un+1_5un 6u,_1; Vn € N*;n > 2
a/ Chung minh 2 s6 hang lién tiép ctia day sd trén nguyen t6 ciing nhau
b/Chitng minh rdng néu s6 nguyén t6 p 1a wdc s6 ctia 1y thi p-1 chia hét cho 2k+1

Loi giai.

a/ Ta cé u, = 2" + 3" v6i n nguyén duong.

Bfing phuong phap quy nap ta chirtng minh dugc un>1 véi n nguyén duong

ged (up; 1) = ged (2 4 37271 4 31+

— ng (3(271 + 3n) _ (271-{—1 + 371—1—1);271—1—1 + 31’1-{—1) — ng (271’. 2n+1 + 3n+1) —
ged (27;3"1) =1

b/ Tacou, =2" 4+ 3".

Néu s6 nguyén t p 1a udc s6 un thi p khac 2; 3

Tir ged(un;2)=1 suy ra ton tai x nguyén duong dé 2x = 1(mod p)

Khi d6 tu gia thiet de bai ta c6

(Zx)Zk + (3x)2k = (x)zk (22k + 32k> = 0(modp)
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Va (20)% + 3%)% =1+ (3x)% (mod p)

Suyral+ (3x)2k = 0(modp). Vay (3x)2k+1 = 1(modp)

Néu h 1a s6 nguyén duong bé nhat ma (3x)" = 1(mod p) thi 2+ = mh |
Khi d6 h c6 dang 2;t < k+ 1.

< 2kt £
Neu t<k+1 thi (3x)2k = ((3x)2t) = 1(modp) trai vdi ket qua 1 + (3x)2k = 0(mod
p)
Vay t=k+1 va h=2F+1
Tir dinh Iy Fer-mat (3x)” ' = 1(mod p) va h 1a s6 nguyén duong bé nhat ma (3x)" =
1(mod p)ta suy ra p-1 chia hét cho 2F+1

Nhan xét 1. + Cau a bai toan ta can tim s6 hang téng quét va st dung ky thuéat” kiéu-
Oclic” nhu phan I trong bai viét da trinh bay

+ Cau b stt dung tinh chit néu a;b nguyén t6 ciing nhau thi ton tai 2 s6 nguyén x ;y
dé 1=ax+by ; tir d6 suy ra a.x = 1(mod b)

Trong cau b ciing st dung tinh chét vé cap h ctia s6 nguyén a theo mod p “ Moi s6 n
ma an-1 chia hét cho p thin la bdi s6 ctia h”

Bai tap ap dung

s ~ 2 U = 30
Bai 7. Cho day so (un) { Up1 = Uy +8n+16; Vn € IN*
1 (mod 5) thi u, = 0 (mod10) Vn € IN*

Bai 8. Cho day sb

Chtng minh rang khi n =

(Ll ) { U = 3
" Upi1 = 2u, —1; Vn € N*
a/Tim s6 nguyén t0 p sao cho u, = 0 (modp)
b/Chiing minh rang c6 vo s6 s6 hang cta day trén thod 1y = 0 (modk)

Bai 9. Cho day sb (uy)ug =0; u1 = 1; thpso = U1 + Uy Vn € N
Chting minh rang 7 = 0 (mod5*) < u, = 0 (mod5¥)

Bai 10. Cho day s6 (uy) uy 41 = 5u,? — 3u,_1 Chiing minh rang v6i moi cach chon cac sb
nguyén ul;u2 thi trong day sb trén c6 vo sb s hang chia hét cho 1997 hodc khong c6 sb
nao chia hét cho 1997
ug=Lu =3;
Bai 11. Cho day s6 (un) { Upyo = Upy1 + Uy, 1= 2k;Vk € N*  Chung minh rf?mg
Upio = YUy i1 + duy; n =2k +1;Vk € IN*

2000
Y. u? =0(mod20)
k=1995

Bai 12. (Olympic 30.4 MN-nam 2008). Tim s6 nguyén duong n < 2008thoa man Cj, /4.

3 Day s6 sinh badi ham khéng 1a da thic

D6i voi day uy k= f(Unpr_1; Unsk25----- ; uy) thi gidi phap x1 Iy chinh la bién déi
day da cho vé dang da thirc; sau d6 dua vao cac cach xut ly déi voi da thite dé giai quyét
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budc tiép theo. Dbi v6i day u, = f(n) thi giai phap xi ly chinh 1a dyra vao cac dinh Iy vé
doéng du da hoc dé xtt Iy thanh phan bén trong ctia biéu thirc un
U1 = Uy = 1
Bai todn 24. Cho day s6 (u uZ  +2 *
ai toan o day so (uy) wpy = M1t 2 (*)
n

a/ Chung minh ré“mg u, >0;, Vn € N*vau, € Z;¥Yn € N*
b/ Ching minh rang u, = +1 (mod4); Vn € N*

Loi giai.

a/+Chung minh u, > 0; Vn € IN* (1)

Thatvay u1 =up =1>0;

L . uz 42
Giasau,_1 > 0;u,_» >0thiu, = Tz >0
ne

Vay khi (1)dting khi chi s6 chay tir 1 dén n-1 thi (1) ding khi chi s6 bang n

Theo nguyén ly quy nap ta suy ra u, > 0; Vn € IN*

+ Chung minh u, € Z;vn € IN* (2)

Thatvay uy =up =1€ Z,suyrauz =3 € Z
Ugp+2

Ukt

St dung déng thitc trén khi chi sd gidm di 1tacéd  up ouy = u% L t2

.2 2 . . ~ _ _ 2
Gia su uy; ug ;U0 € Z . Xét ug, 3 = , SUy Ta Upyallpy] = U p+2

DéE khtt s6 hang s6 2 ta lay hiéu hai dang thitc trén ujysug — ol = Ug , — Up
& Uppr (Uys + Ugrn) = o (U + ) (%)

Néu nhan xét ve chi s6 ta thay hai biéu thic (1,3 + gy 1); (Ugsa + tg)chiso gidm di
1 va hai biéu thitc ug, 1; g, ochi sd ting l1én 1

Vay ta bién d6i
u +u u +u . A 2 s A .o . N N A
(=2 ki3 T htl  Zh2 T Rk (hai ve c6 chi so gidm di 1) (diéu nay thuc hién dugc
Ukt2 Uk+1
dou, > 0; Vn € IN¥)
N Uiz + U uz +u
Tir d6 suy ra kt3 k1 _ 28 1-4 ,Suy 1a Uiz = 4l — Ul
Uk42 U

Do ujyo; Ury; nguyénnéntasuy ra g,z € Z

Theo nguyén ly quy nap ta suy ra u, € Z; Vn € IN*

b/ +Dung phuong phdp quy nap ta suy ra u, = 4u,_1 — u,—p; Vn € IN*

+ Do u, = 4u,_1 —uy_p; Vn € N* ,suyra u, = —u,_»(mod4); Vn € N* suy ra
topr1 = (£1)5u1(mod4) uge = (£1)*us (mod4)

Dou; =1=1(mod4) vau, =1=1(mod4). Vay u, = +1 (mod4) Vn € N*

Bai toan 24. Cho day s

(1) "= )
" Upy1 = iy + /24u2 — 8; Vn € N*

a/ Ching minh rang u, € Z;vn € N*
b/ Ching minh rang u, = +1 (mod10); Vn € IN*

Loi gidi.
a/Tacou; =Lup, =5++24—-8=9¢c Z

Gia st uj_1;ux € Z ma uy = 5up_1 + /24u? | —8 € Z ,suyra
Ug_1;4/24u2 | —8 € Z (**)
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Xét up = Sup + \/24%7—8 = 56w + \/m) +
2

\/24(5uk_1 +,/24u?  —8) —8

=5(5u_q + (/24ul | —8) 4 \[24.[49.u7 | — 8+ 10uy_q/24u? | —8] -8
= 5(5u_1 + \/24u? | —8) + \/ 24.49u? | +24.10u;_1/24u? | —8] —25.8

= 5(5u_q + \/24u2_| —8) + \/ (24u_1)? +2.24.5u \/m] +25.(24u2_| —8)
= 5(5uy_1 + /243 — 8) + 2uy_y +5,/24u2 | —8 (%% %)

T () va (™) suy ra ugy1 € Z

Theo nguyén ly quy nap ta suy ra u, € Z; Vn € IN*

b/Tix (*) suy ra (1 — 5up,)* = 24u? — 8; Vn € N*

Sl +uh+8=10u,11. uy; Yn e N* (1)

Str dung dang thtic trén khi chi s6 ting 1én 1 ta c6

uflJrz + uiﬂ 4+ 8 = 10uy42. uyy1; Vo € IN* (2)

Lay (2) trix (1) ta co u2_, — u? = 10uy41. (Ung2 — Uy); Vi € N¥

< (U — Uy) (Upso + Up — 100y 41) = 0; Vn € N*

& Uprp = 10Uy —uy vV Uypr = Uy, Vn € N* , suy ra uyo = tu,(mod

A

:

10); Vn € N* suy ra + g1 = £1 (mod10) (dou; =1 =1 (mod10))

+ Uy = +1 (mod10) (do up = 9 = —1 (mod10))
Vay u, = £1 (mod10); Vn € IN*

Bai toan 25. Cho day s6

n+1, Vn € N*

U = 1;M2 = 2;143 = 24,‘
(un) 61t5 oty — Bllnioll] *)
Upi3 =
. Up41.Up
a/ Chung minh rang u, € Z;¥n € N*
b/ Ching minh rang u, = 0 (modn); ¥n € N*

Loi gidi.

Up+3 Up42 Up+1 o Upt1 .
a/ (x) e gotte  grnt .bato, = " ta co Upyo = 60,01 —8v, ; Vn €
Up+2 Upn41 Uy Up

Bang phuong phap qui nap ta chiing minh dugc v, = 4" — 2";¥n € N*
Khi do

_ Up Up— Uy
Uy = —.—....— = 0Vy_1.0y—2....01
Up—1 Upn—2 U
Vay u, = (4" 1 —2n=1)(4n=2 —2n=2) ... (4—2)

Suyrau, € Z;Vn € IN*

b/ Ching minh rang u, = 0 (modn); ¥n € N*

That vay u, = (471 — 21 1)(4n-2 —2n-2) . (4-2)

+Khi d6 u, = 0 (mod?2)

+Néu n=p nguyeén t6 1é. Theo dinh ly Fer-mat ta c6 4’ ~! = 1(modp); 2?~! = 1(mod

p),suyra 4P~1 —2P~1 = 0(modp) (*). Suy ra u, = 0 (mod p)

+Néun = pilp?....p.Suyran = prdy = pi2dy = ... = p1dy, n—dy =

dl (p1—1),‘1’l—d2 :dz (plz—l);.....;n—dal :da1 (plul —1)

Vay n —dy;n —dy;....;n — dg la al cac boi s6 khac nhau cia p; — 1(*)
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Tix (*) va (**) suy ra 4"~ — 2"=% = 0(mod p);...... la al

Mau, = (4" 1 —2n=1y(4n=2 —2n=2) .. (4 —2)suy ra u, =0 (modp]')

Ta c6 két qua tuong tu khi c6 mod p3%;....; p;* va do ching nguyén t6 cing nhau
up =0 (modpy'.p3?....pY); Vn € N*

Xét tich cac sb hang tir 1 dén n ta hay str dung tinh chat n! chia hét cho tat ca cac s6 k
tr2 dénn

+Khi p nguyén t6 , ta ¢6 dinh ly Will-son (p-1)!+1 chia hét cho p +Khi p;q nguyén t6
phan biét, ta c6 dinh ly Fer-mat pqg-1 -1 chia hét cho q

Bai toan 26. Cho day $6 (uy)uy, = (n—1D!+1,¥n € N*(*). Chung minh ré"mg néu
u, = 0(modn) thi n nguyén t6

Loi gigi. Ta ching minh phan ching
Néu n 1a hop s6 n=ab (1<a<n) (*). Suy ra (n — 1)! = 0(moda)
Mt khéc theo gia thiét u, = 0(modn). Suy ra (n — 1)! = —1(moda) .
Vay —1 = 0(moda) , suy ra a = +1 Diéu nay khong thoa (*)
Vay n nguyeén to

Bai toan 27. Cho day s6 (uy,) u, = %[(n — k)l (k—=1)! = (—1)k]; Vn € IN*,0 < k < n; véi
ac Z

Chung minh rang néu p nguyén t6 thi 1, nguyén va u, = 0(moda)
Loi gidgi. u, = %[(n —k)L(k—=1)! = (=1)";¥n € N%;0 < k < n,suy ra Uy = Z[(p—
L(k—1)! = (=) ;0 <k <n

+Theo dinh ly Will-son khi p nguyén t6 ta c6 (p —1)! = —1(modp) , suy ra (p —
KL((p—k)+1).(p—k)+2).((p—k)+3)........ (p—k)+k—1) = —1(modp) ,
suyra(p—k)L(p—(k—=1).(p—(k—=2)).(p—(k=3))........ (p—1)=—1(modp)
(b~ (k=1)) = —(k—1)(modp)
(p— (k—2)) = —(k - 2) (modp) .
Ma (p—(k—=3))=—(k—3)(modp) , suy ra (p —k)L.(-1)" . (k—1)! =

)= —1.(—1)k_1(modp) ,suy ra (p —
— ) (k—1)! —.(=1)

€ Z. Vay upnguyeén

p
va u, = 0(moda)

No oo <~z 2013 . . S hy
Bai toan 28. Cho day so (u,) u, = T(an —2);Vn € IN*(*) Ching minh rang vdi p
nguyeén tb thi 1, nguyén va u, = 0(mod2013)

N ok n! _nn—-1)(n—-2).(n—k+1) ) ) "
Loi giai. +Ta co C;, = R Pz Ta ching minh Cj;
nguyén bang qui nap theo k Xét C5, = (Cg)2 + (C%)2 + (C,%)2 .o (CH Y e N*,

2 2 2 |
P — (co 1 2 P\2 C ok — P —
suyra €5, = (C9)"+(Ch)" + (C2)" +....+ (C})*(n) Trong d6 Cf = G —H1 =
-1D(p—2).(p—k+1 .
plp—=1(p . !) (p ) nguyen (1)
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+Khi1l <k < p—1mapnguyén td, suy ra ged(k!;p)=1 suy ra p khong chia hét cho
K (2)

Tr (1) va (2 suyrakhil < k < p—1thit = (p_”(f’_lf),“(p_k“) nguyén
va Ck = p.t (Il) Mat khac CY = CI'=1 (III) T (I);(I1);(III) suy ra Cp = 2(modp) , suy ra

Uy = 20;3 (CP — 2)nguyén va u, = 0(mod2013)

4 n P P
Bai todn 29. Cho day s6 (ua) un = ¥ pi*®; ¥n € IN*(*) trong d6 pi la cdc s6 nguyén to
i=1
thod tinh chat 10<pl<p2<... Ching minh rang khi u, = 0 (mod 120) thin > 120
Loi gidi. Ta thay 120=23.3.5. Do 10<pl<p2<...
Suy ra cac ged(p;;2) = 1; ged (pi; 3) = 1;ged (pi;5) =1
Theo dinh ly Fer-mat c¢6 p? = 1(mod3);p;* = 1(mod5)

Mt khac pi la s6 nguyén t6 1é , suy ra p; = +1(mod8) hodc p; = +3(mod8)
Suy ra p? = 1(mod8). Vay pzooo = 1(mod8);p?*® = 1(mod3);p;**® = 1(mod5) ,

suy ra Z p?% = n(mod120); Vn € N*, suy ra u, = n(mod120); Vn € N*
Vay kh1 u, = 0(mod120) thin > 120

Bai tap ap dung
Bai 13. Cho day s6 (u,) (n — 1)uys1 = (n+ 1)u, — 2(n — 1);¥n € N* Tim n bé nhat sao
cho uy # 0; u, = 0 (mod2000); biét rang 11999 = 0 (mod2000)

Bai 14. Cho day s6 (uy) up, = 2Vn € IN¥; Chung minh n! khong chia hét cho uy,;
Vn € N*

Bai 15. Cho trudc s6 nguyén duong a va day so (u,) u, = (54)!(5n)!;Vn € N*; Tim n
bé nhat theo a sao cho u, # 0; u, = 0 (mod2000);

Bai 16. Cho day s6 (u,) u, = n® —3";Vn € IN*; Tim n bé nhat sao cho u, # 0; u, =
0 (mod2000)

Bai 17. Cho 2 day sb (u,) u, = (2222°%)" —1.;¥n € IN* Tim n nguyén duong bé nhit
dé u, = 0(mod5)

Bai 18. Cho (n -1)! chia hét cho n. Chung minh n khong nguyén to.
Bai 19. (USA-ndm 1986). Tim s6 nguyén duong nhé nhat N sao cho N ! chia hét cho12'?

4 Kétluan

Sang kién “ Str dung phuong phap sb hoc dé giai va sang tac cac bai toan day sb tir
dé thi hoc sinh giéi hién nay” da trinh bay cac ky thuat sb hoc trong viéc gidi quyét bai
toan day s6. Sang kién c6 noi dung chu yéu la tap trung khai thac cac y tudng ctia cac dé
thi Olympic cdc nudc trong nhitng ndm gan day, phat trién thanh 16p bai tap méi, theo
cac ndi dung chinh
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1. Tinh chat s6 hoc ctia cac day s6 nguyén dang ham da thic; ham s6 mil.

2. Tinh chit s6 hoc ctia cac day sb nguyén cho bdi cong thiic truy hoi.

3. Tinh chéit s hoc ctia cac day s6 ¢ dang dac biét khac

4. Xét phan nguyén ctia day cac sb thuc.

Deé tai da gidng day cho hoc sinh chuyén toan; cac doi tuyén thi cap Tinh ctia Truong,
cac doi tuyén thi cip Qudc Gia cta Tinh, gitip cac em b sung kién thic, rén luyén ky
nang tu duy, van dung sang tao, nang cao thanh tich hoc sinh gidi cho Tinh nha. Dé
tai nay dugce Vién Nghién cttu cao cap vé Toan chon bao céo trong 16p boi dudng gido
vién day chuyén khu vigc Mién Trung- Tay Nguyén t6 chic tai thanh phd Dong Héi, tinh
Quang Binh vao thang 7 nam 2019.
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HANG PIEM PIEU HOA

Huynh Chi Hao
THPT Chuyén Nguyén Quang Diéu, Dong Thap

1 Toém tat phan ly thuyét

1.1 Toa do trén truc

Dinh nghia 1. M6t duong théng duoc goi la truc (toa do) néu trén d6 da chon mot diém O
va mot vecto i ¢o6 do dai bf!mg 1 Diém O goi la gbc ctia truc, i dugc goi la vecta don vi cua
truc, hudng ctia ? dugc goi la hudng cuaa truc.

Ky hiéu x'Ox
Pinh nghia 2 (Toa d6 cta mot vecto trén truc). Cho vecto 7 ndm trén truc x’Ox c6 vecto
don vi la T} Vi o cfmg_;)huofng 7 nén ton tai duy nhét sb x sao cho o = x? S6 x duge
goi la toa do cta vecto 1.

Ky hiéu 7 = (x) hay 7 (x).
Dinh n_gl;Ia 3 (Toa do ctia mot diém trén truc). Cho diém M thuoc truc x’Ox. Toa dd ctia
vectd OM duoc goi 1a toa do ctia diém M.

Ky hiéu M = (x) hay M (x)

Dinh nghia 4 (D6 dai dai sb cta vecto). Toa do ctia ctia vectd AB dugc goi la do dai dai s6
cua vecto AB va ky hiéu la AB Chi y Khi ta viét AB c6 nghia la duong thang AB da dugc
xem la mot truc véi mot géc O nao do va moét vecto don vi i nao doé

1.2 Tinh chéit

° | B| = AB

e« AB— AB < AB1t 1

e« AB— —AB < AB1] 7

e AB=-BA

e AB=CB— CA, Cbatky trén dudng thang AB
e AB = AC + CB, C batky trén duong thang AB
° EZXB—XA
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1.3 Cac dinh ly quan trong c6 lién quan dén d6 dai dai s6

DPinh 1y 1 (Dinh ly Thales (dang dai s6)). Cho cac bo ba diém A, B,C va A’, B/, C/, theo thit
tu thude cac duong thang A va A’. Néu cac duong thang AA’, BB',CC’ d6i mot song song

.AB A'B
thl _ = .
BC B'C’
Dinh ly 2 (Dinh ly Ceva (dang dai 56)). Cho tam giac ABC va cac diém M, N, P khac A, B, C,
theo thu tu thudc cac duong théng BC,CA, AB.

Khi d6 cac duong thang AM, BN, CP hoic dong quy hodc doi mot song song khi va chi
khi

Pinh 1y 3 (Dinh ly Menelaus (dang dai s6)). Cho tam gidc ABC va cac diém M, N, P khéc
A, B, C, theo thtt tu thudc cac duong thang BC,CA, AB. Khi d6 M, N, P thang hang khi va

1.4 Hang diém diéu hoa

1. Hang diém. Bo bon diém doi mot khac nhau, c6 ké dén thi ty, cting thudc mot duong
thang duoc goi 1a hang diém.
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(a)

N
™
™
S

gia
Hang diém
2. Ti s0 kép ctua hang diém

Dinh nghia 5. Ti s kép ctia hang diém A, B, C, D 1a mot s6, ki hiéu 1a (ABCD) va duoc xac
dinh nhu sau

(ABCD) = %g:g
(4)
— o o o
A(a) B(b) Cle) D(d)  truc
Dang toa do
Néu A(a), B(b), C(c), D(d) thi (ABCD) = Z - EZ - Z.
Tinh chat
e (ABCD) = (CDAB) = (BADC) = (DCBA)
1 1
* (ABCD) = 4¢eDy ~ (ABDC)
o (ABCD) =1- (ACBD) =1— (DBCA)
e (ABCD) = (ABCD') = D =D’
o (ABCD) #1

Dinh nghia 6 (Hang diém diéu hoa). Néu (ABCD) = —1 thi hang diém A, B, C, D dugc goi

(4)
— 0 0 ¢
A C B D true
1a hang diém diéu hoa.
N6i cach khac Néu (C::g = —% thi A, B, C, D dugc goi 1a hang diém diéu hoa.
CA_ DA
(ABCD) = —148 £4 _
CB DB
Khi d6 ta néi cip diém A, B va cip diém C, D la hai cap diém lién hop diéu hoa.
Nhén xét 1. Néu (ABCD) = -1 thi (CDAB) = (BADC) = (DCBA) = (BACD) =
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(ABDC) = —1.

Biéu thtc toa do dbi vdi hang diém diéu hoa

e Hé thic 1 Néu A(a),B(b),C(c),D(d)thi (ABCD) = -1 <« 2(ab+cd) =
(a+Db)(c+4d)

@)
0 d@  C© 5(1;) Dd) e

Chirng minh. Chon mot diém O bét ky trén truc 1a gbc
CA DA a—c a—d

Ta ¢c6 (ABCD) = -1 & 5 - DB R X Had 2(ab+cd) =
(a+b)(c+4d)
e Hé thic 2 (hé thuc Descartes) (ABCD) = —1 < é = ; + ;
AB AC AD

Chitng minh. Chon O = A (a = 0) trén truc la goc
Tacoé (ABCD)=—-1<2(ab+cd) = (a+Db)(c+4d)
& 2cd="b(c+d)(doa=0)
@%:14—1@;:;—#;

b ¢ b AB AC AD

o Hé thitc 3 (hé thitc Newton) (ABCD) = —1 < TA” = 1B = IC.I

Chirng minh. Chon O = I (I 1a trung diém ctia AB) trén truc la goc
Tacé (ABCD) =—-1<2(ab+cd) = (a+Db)(c+4d)
& a*=cd(doa = —b)
& TA"=TCID
e Hé thic4 (hé thirc Maclaurin) (ABCD) = —1 < AC.AD = AB.A]
(] 1a trung diém cta CD ).

~

Chitng minh. Chon O = A trén truc la goc

2 1 1
AB ~ AC ' 4D
AC+AD

Tacé (ABCD) = —1 &

& AC.AD = AB.
& AC.AD = AB.A]
Nhiing hang diém diéu hoa co ban
Pinh ly 4. Néu AD, AE theo thtt tu 12 phan gidc trong va phan gidc ngoai ctia tam giac ABC
thi
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(BCDE) = —1.

/B /D¢ EN

Chirng minh.
Theo tinh chét ctia phan gidc trong va phan gidc ngoai ctia tam giac ta c6 hé thic

Lai do, D ndm trong doan BC va E nam ngoai doan BC nén ta c6 —

AB

DB AB EB _ AB
DC ~ AC'EC  AC

DB AB EB _
I DC  AC'EC ~
DB  EB

—.Suyra — = —— = (BCDE) = —1

DC EC

Dinh ly 5. Cho tam gidc ABC va diém O khong thudc cac duong thang BC,CA, AB. Cac
duong thang AO, BO, CO theo thi tu cat BC,CA, AB tai M, N, P. Hai duong thang BC, NP

P
N

B M o [

giao nhau tai Q

Khi d6, (BCMQ) = —1.

Chitng minh. Ap dung dinh ly Ceva cho tam giac ABC véi sy dong quy ciia AM, BN, CP, ta
cO hé thuc

MBNCIPA_ 4 M)
MC NA PB

Ap dung dinh ly Menelaus cho tam gidc ABC véi su thffmg hang Q, N, P, ta c6 hé thuc

= — =1 @

Tir (1) va (2) suy ra % = —% (BCMQ) = -1

Dinh 1y 6. Tir diém S ndm ngoai dudng tron (O), ta ké t6i (O) cac tiép tuyén SA,SB
(A,B € (0)). Mot duong thang qua S cat (O) tai M, N. Goi I la giao diém ctia AB va MN.
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Khi d6, (SIMN) = —1.

Dé chiing minh dinh ly ndy ta can st dung 3 b6 dé sau
B6 dé 1. Qua diém S khong thudc duong tron (O), ké mot dudng thang cat (O) tai M, N.
Khi do

SM.SN = SO? — R2.

B6 dé 2. Néu cac duong thfang zﬁ, QD céglha_u tai SkhacA, B,C, D thi A, B, C, D cung thudc
mot duong tron khi va chi khi SA.SB = SC.SD.

B6 dé 3. Néu cac duong thang AB, SC cat nhau tai S khacA, B thi duong tron ngoai tiép
tam gidc ABC tiép xtic v6i SC khi va chi khi SA.SB = 5S¢

Chirng minh.
Goi H 1a hinh chiéu cta O trén MN va K = SON AB

126



Mot s6 chuyén dé Todn hoc chon loc ... , Cao Lanh, ngay 29/10/2023

Do [KO = THO (cting bang 900). Suy ra t giac OHIK noi tiép

Theo cac bd dé trén va theo hé thitc lugng trong tam gidc vudng ta suy ra SM.SN =
SA’ = SK.SO = SI.SH Do H la trung diém ctia MN nén theo hé thic Maclaurin ta suy ra
(SIMN) = -1

2 Tisb6 kép cta chum duong thang — Phép chiéu xuyén tim
— Chum diéu hoa
2.1 Chum duong thang va ti s6 kép ctia n6
a) Céac dinh nghia

Dinh nghia 7. Tap hop cac dudng thang ctiing di qua mot diém dugc goi 1a mot chum day
du duong thang.

Dinh nghia 8. B bbn duong th.’fmg doi mot khac nhau, c¢6 ké dén thi tu, cung thudc mot
chum day dt dudng thang dugc goi la mot chum dudng thang.

b) Cac dinh ly

Pinh nghia 9. Cho a,b,¢,d la chm duong thang tam O. Puong thang A khong di qua O,
theo thu tu cata,b,c,d tai A, B,C, D. Duong théng A’ khong di qua O, theo thu tu cata,b,c

tai A’,B',C’.

oA
Khi dé A'//d < (ABCD) = (é

/B/
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Dinh nghia 10. Cho 4, b, ¢,d 1a chum dudng thang tam O. Dudng thang A khong di qua O,
theo thi tu cata, b,c,d tai A, B,C, D. Duong thfmg A’ khong di qua O, theo thu tu cata,b,c,d

tai A, B, C,D.

Khi dé (ABCD) = (A'B'C'D').

e Dinh nghia 3 S6 khong déi (ABCD) noi trén dugc goi la t sb kép ctia chim 4, b, ¢, d
va dugc ki hiéu 1a (abced)
Pinh nghia 11 (Phép chiéu xuyén tam). Cho hai duong thang A, A’ va diém S khong thudc
A, N. Goi K 1a diém thudc A sao cho SK//A’. Goi f la anh xa di tir tap hop cac diém thudc
A\ {K} t6i tap hop céc diém thudc A’ , xdc dinh nhusau f (M) = M’ sao cho S, M, M’ thang
hang. Anh xa f dugc goi 1a phép chiéu xuyén tam di tor A\ {K} t&i A'. Diém S duge goi la
tam cua f.

Luuy

+ Néu phép chiéu xuyén tdm f bién hang diém A, B, C, D thanh hang diém A’, B/,C’, D’
thi (ABCD) = (A’B'C'D') (hay Phép chiéu xuyén tam béo toan ti s6 kép).

b) Cac dinh Iy

dICho hai duong thang A, A’ cat nhau tai O. Cac diém A, B, C thuoc A; cac diém A/, B/, C’
thuoc A'.

Khi d6 AA’, BB/,CC’ hodc dong quy hodc d6i mot song song < (OABC) = (OA’B'C!).

Pinh 1y 7. Cho hai chum O (ABCO’) va O’ (ABCO).

Khi d6 A, B, C thang hang < O (ABCO') = O’ (ABCO).
Dinh nghia 12 (Chum diéu hoa). Chum a4, b, c, d dugc goi la diéu hoanéu (a,b,c,d) = —1Db)
Céc dinh ly Dinh ly 8 Vi chum a, b, ¢, d cac diéu kién sau la tuong duong

i) (a,b,c,d) = —1.

ii) T6n7tai mot dudng thang song song vi mot duong thdng ctia chiim va dinh ra trén ba
duong thang con lai hai doan thang bang nhau.

_iii) Moi duong thang song song voi mot duong thang ctia chtm dinh ra trén ba duong

thang con lai hai doan thang bang nhau.
Dinh ly 8. Véi chum diéu hoa 4, b, ¢, d cac diéu kién sau la tuong duong

i)cld

ii) ¢ la mot phén giadc cuia cac goc tao bdia, b

iii) d 1a mot phan gidc ctia cac goc tao bdi a, b

4. Mot s6 két qua thuong str dung

a) Két qua 1
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Cho (ABCD) = —1. Lay O sao cho OC la phan giac trong cta AOB thi OD 1a phan giac
ngoai cua AOB.

b) Két qua 2
Cho (ABCD) = —1 va diém O ndm ngoai hang diém diéu hoa trén. Mot duong thang d
catba tia OC,0OB,0OD lanluct tai E, I, F. Khi dé I 1a trung diém ctia EF khi va chi khi d song

song voi OA.

c) Két qua 3

Cho (OA,0OB,0C,0D) = —1. Mét duong thfang d bat ki cat cac canh OA,OB,OC,0D
lan luot tai E, F, G, H khi d6 ta c¢6 (EFGK) = —1.

d) Két qua 4

Cho chum diéu hoa (Ox,Oy,0z,0t) = —1 khi d6 néu zOf = 90° thi Oz la phan giac
trong cta géc xOy va Ot 1a phan giac ngoai xOy.
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0
X
t
z y
e) Két qua 5
Cho chum diéu hoa (Ox,0y,0z,0t) = —1 mét duong thang d bat ki cat Oz, Ot, Oy

lan luot tai A,B,I khi d6 d song song Ox khi va chi khi I la trung diém ctia AB.

3 Cacvidu

Bai toan 1. Cho hai duong thang A va A. Céac diém A, B, C thudc A. Cac diém A’, B/, C’ thudc
A.X=BC'NB'C; Y=CA'NC'A; Z= AB'N A'B. Ching minh rang X, Y, Z thang hang.
(dinh ly Pappus)

Bai toan 2. Cho cac tam giac ABC va A'/B'C. bat X = BCNB'C'; Y = CANnCA’; Z =
AB N A’B’. Chiing minh rang X, Y, Z thang hang khi va chi khi AA’, BB’,CC’ hoac dong
quy hoac do6i mét song song. (dinh ly Desargues)

Bai toan 3. Cho tam gidc ABC, léy D, E, F 1an lugt thudc cac doan BC,CA, AB sao cho 3
duong thang AD, BE, CF dong quy tai mot diém I ( EF khong song song vé6i BC). Goi L la
giao diém ctia AD va EF. Goi H la hinh chiéu ctia L xuéng BC. Ching minh rang HL la
phan gidc cua EHF. (dinh ly Blanchet m& rong)

Bai toan 4. Cho doan thang AB va s6 k > 0. Tim quy tich cac diém M sao cho ——

MA
ME K7L

Bai toan 5. Cho tur gidc ABCD ndi tiép (AB khong song song CD ). M, N theo thit tu la trung
diém ctia AB, CD. Puodng tron ngoai tiép tam giac ABN cat CD tai P. Dudng tron ngoai tiép
tam gidc CDM cat AB tai Q. Chiing minh rang AC, BD, PQ dong quy.
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Bai toan 6. Tir diém S nam ngoai duong tron (O), ké t6i (O) cac tiép tuyén SA,SB (A, B
thuoc (0)). Mot dudg thang qua S, cat (O) tai hai diém M, N. Duong thang qua M, song
song v6i SA theo thit tu cat AB, AN tai E, F. Chiing minh rang EM = EF.

Bai toan 7. Cho tam gidc ABC. Puong tron noi tiép (I) tlep xuc voi AC,AB tai E,F ( EF
khoéng song song voi BC ). Dat K = BI N EF. Chung minh rang BKC = 90°.

Bai toan 8. Cho tam gidc ABC. Duong tron ndi tiép (I) tiép xtc vdi BC,CA, AB tai D, E, F(
EF khong song song v6i BC ). H 1a hinh chiéu cta D trén EF. Ching minh rang BHD =
CHD.

Bai toan 9. Cho tam gidc ABC. Puong tron noi tiép (I) theo thit tu tiép xtc véi cac canh
BC,CA,ABtai D, E, F. Goi K la giao diém ctia Al va EF. Chung minh rfang KDE = ADF.

Bai toan 10. Dudng thang A di qua dinh A cta hinh binh hanh ABCD, theo thu tu cat cac
duong thang BD, BC tai M, N. Chiing minh rang
1 1 1

_ = = —|— fr—

AM AN AP
Bai toan 11. Cho tam gidc ABC ndi tiép duong tron (O). D la diém ddi xting véi A qua O.
Tiép tuyén v6i (O) tai D cat BC tai E. OF theo thit tu cat AB, AC tai M, N. Chiing minh rang
OM = ON.

Bai toan 12. AD, BE, CF la cac duong cao cta tam giac nhon ABC. Bat P = BCN EF. Buong
thang qua D, song song v&i EF theo thit tu cat AB, AC tai Q, R. Chiing minh rang duong
tron ngoai tiép cta tam giac POR di qua trung diém cta BC.

Bai toan 13. Cho ti gidc ABCD néi tiép duong tron (O). AB, AC, AD theo thu tu cat
CD,DB,BC tai X, Y, Z. Chitng minh réng O Ia truc tam tam gidc XY Z.

Bai toan 14. Cho tam giac ABC. Cac diém M, N thudc BC. Céc diém P, Q theo thu tu thudc
AC,AB.DatO = MPNNQ; K=BONNP; L = CONMQ. Chiitng minh réng AO,BL,CK
dong quy.

Bai toan 15. Cho tam giac ABC va diém O nam trong tam giac. BO, CO theo thu tu cat
AC,ABtai E, F (EF khong song song vdi BC). I = AO N EF. H la hinh chiéu cda I trén BC.
Chting minh rang AHE = OHF.

Bai toan 16. Cho tam giac ABC. Cac dudng phan gidc BE, CF cat nhau tai I ( EF khong song
song véi BC ). DPuong thang qua I, vudng goc v6i EF theo thi tu cat BC, EF tai P, Q. Gia st
IP = 2IQ. Tinh g6c BAC.

Bai toan 17. Cho hinh thang ABCD (AB//CD) ¢6 BC = BD. Dudng thang dbi xting véi
CA qua CD theo thtt tu cat AD, BD tai E, F. Ching minh rang EC = EF.

Bai toan 18. Cho hai duong thang A va A. Céac diém A, B, C thudc A. Céac diém A’,B/,C’
thuoc A. X = BC'NB'C; Y =CA'NC'A; Z= AB'N A’B. Chiing minh rang X, Y, Z thang
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hang. (dinh ly Pappus)

Loi gidi.

Ta b6 qua trudng hop don gian A/ /A’ Xét truong hop A va A’ cat nhau Bat AN A’ = O,
E=BC'NCA’,F=AC'NBA' Tacé (BEXC') = (OA'B'C’) (xét phép chiéu xuyén tam C)
= (BA’ZF) (xét phép chiéu xuyén tam A ) Theo dinh ly vé phép chiéu xuyén tam ta suy ra
EA’,XZ,C'F dong quy Vay X, Y, Z thang hang.

Bai toan 19. Cho cac tam gidc ABC va A'B'C. bat X = BCNB'C'; Y = CANC'A"; Z =
ABN A'B’. Ching minh rang X, Y, Z thang hang khi va chi khi AA’, BB/,CC’ hoic dong
quy hoac d6i mét song song. (dinh ly Desargues)

Loi gidi.

BB'//AC
BB'//A'C’
BB véi AC,A'/C' Tacé X,Y,Z thang hang < B (AB'CY) = B’ (A’BC'Y) (dinh Iy vé chum
duong thang) < (AECY) = (A’E'C'Y) < AA’,EE/,CC’ hodc dong quy hoac doi mot song
song < AA’, BB, CC' hodc dong quy hodc déi mot song song

Ta bo qua truong hop don gian { Goi E, E’ theo tht tu 1a giao diém cua

Bai toan 20. Cho tam gidc ABC, lay D, E, F lan lugt thudc cac doan BC,CA, AB sao cho 3
duong théng AD, BE,CF ddng quy tai mot diém I ( EF khong song song véi BC). Goi L la
giao diém ctia AD va EF. Goi H la hinh chiéu ctia L xuéng BC. Ching minh rang HL 1a
phan giac cua EHF. (dinh ly Blanchet mo rong)

132



Mot s6 chuyén dé Todn hoc chon loc ... , Cao Lanh, ngay 29/10/2023

A
e

e
=]

Loi gidi.
bat K = BCNEF Tacé (KDBC) = —1 = (KLFE) = —1 (qua phép chiéu xuyén tam A)
Lai c6 LHK = 90° = HL la phan giac ctia EHF.

. ) . A
Bai toan 21. Cho doan thang AB va so k > 0. Tim quy tich cac diém M sao cho % =k #1.

Loi gidi.
DA EA R .
Lay D, E trén duong thang AB sao cho 5 IB =k = (DEAB) = —1 Thuan Tac6

EB
MA EA DA 0
VB - EE — DB = k = MD, ME la phan giac ngoai va trong ctia AMB = DME = 90

= M nam trén dudong tron dudng kinh DE Ddo Liy M’ trén dudng tron duong kinh DE =
DM’'E = 90° = M'E 1a phan giéc trong ctia AMB (vi (DEAB) = —1 Vay quy tich cac diém

Sa__

M thda man diéu kién deé bai la duong tron duong kinh DE.
Chuy Duong tron duong kinh DE dugc goi la duong tron Apollonius xac dinh bdi doan
ABvasok.

Bai toan 22. Cho ti gidc ABCD ndi tiép (AB khéng song song CD ). M, N theo thu tu la
trung diém cta AB,CD. Duong tron ngoai tiép tam giac ABN cat CD tai P. DPuong tron
ngoai tiép tam gidc CDM cat AB tai Q. Chiing minh rang AC, BD, PQ dong quy.

Loi gidi.
PitS = ABNCD Tacé SA.SB = SC.SD = SQ.SM SC.SD = SA.SB = SP.SN Do M, N
theo thit ty 1a trung diém ctia AB, CD, nén theo hé thitc Maclaurin, suy ra (SQAB) = —1

(SPCD) = —1 Vay AC, BD, PQ ddng quy.
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Bai toan 23. Tir diém S nam ngoai dudng tron (O), ké t&i (O) cac tiép tuyén SA,SB (A, B
thuoc (0)). Mot duong thang qua S, cat (O) tai hai diém M, N. Duong thang qua M, song
song vdi SA theo thit tu cat AB, AN tai E, F. Chiing minh rang EM = EF.

Loi gidi.
bat I = ABNMN Tacé (SIMN) = —1 (hang diém diéu hoa co ban) = A (SBMN) =
—1Do MF//SA = EM = EF (dinh ly vé chum diéu hoa)

Bai toan 24. Cho tam gidc ABC. Dudng tron noi tiép (I) t1ep xuc voi AC,AB tai E,F ( EF
khong song song véi BC ). Bat K = BI N EF. Chiing minh rang BKC = 90°.

Lai gidi.

A : DB EC FA
bat L = EFNBC. Goi D la tiep diém cua (I) va BC Ta ¢6 ::C: =
DB EC FA FA DB EC DC EA FB

(_D_C) : <_ﬁ) : (‘ﬁ) = "EATB DC —1 Do AD, BE,CF khong thé d6i mot

song song nén theo dinh ly Ceva ta suy ra AD, BE, CF dong quy Suy ra (BCDL) = —1
(hang diém diéu hoa cd ban) = K (BCDL) = —1 Mat khac ta lai c6 AKBD = AKBF =

BKD = BKF Vay BKC = 90° (dinh Iy vé chiim diéu hoa).

Bai toan 25. Cho tam giac ABC. Pudng tron noi tiép (I) tiép xuc v6i BC,CA, AB tai D, E, F(
EF khong song song vdi BC ). H 1a hinh chiéu ctia D trén EF. Chitng minh réng BHD =
CHD.

Y tudng Xem H la dinh ctia mot chiim diéu hoa trong d6 c6 hai duong thang vudng géc
nhau.

Loi gidi.
Dat S = EFNBC Tac6é AD, BE,CF dong quy (theo dinh ly Ceva) Suy ra (SDBC) =

(hang diém diéu hoa coban) Do dé H (SDBC) = —1 Vay BHD = CHD (do HSL1HD, dmh
ly vé chum diéu hoa)

Bai toan 26. Cho tam gidc ABC. Budng tron ndi tiép (I) theo thi tu tiép xtic véi cac canh
BC,CA,ABtai D, E, F. Goi K la giao diém ctia Al va EF. Chung minh rfﬁng KDE = ADF.

Y tudng Xem D la dinh ctia mot chtim diéu hoa trong d6 ¢6 hai duong thang vuéng goc
nhau.

Lo gidi.
Goi M, N la glao cia AIvéi (I) Tacé D (AKMN) = —1 (hang diém diéu hé)a co ban) Do

DMJ_DN nén MDK MDA (dinh ly vé chum diéu hoa) Mat khac ta lai c6 KDE = MDA
Suy ra KDE = ADF.

Bai toan 27. Dudng thang A di qua dinh A cta hinh binh hanh ABCD, theo thi tu cat cac
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. s 1 1 1
ng thang ai ng minh rang N AN + P
Loi gidi.
bat O = ACN BD. Trén A lay Q sao cho CQ//BD Vi ABCD la hinh binh hanh nén

OB = OD Do CQ//BD nén theo dinh ly vé chm diéu hoa ta suy ra dugc C (AQBD) = —1

Suy ra (AQNP) = —1 Khi do6, theo hé thuc Descartes ta c6 -5 = ; i (1) Mat
Q AN AP

khac, ciing vi ABCD la hinh binh hanh nén OA = OC Tir d6, két hgp véi CQ//BD ta ¢6
- 1 1 1

Q @) Tx (M va @) suyra —== = =<+ ==
Bai toan 28. Cho tam gidc ABC noi tiép duong tron (O). D la diém dbi xing véi A qua O.
Tiép tuyén v6i (O) tai D cat BC tai E. OF theo thu tu cat AB, AC tai M, N. Ching minh rang
OM = ON.

Loi gidi.

Goi K, L theo thit tu 1a giao diém ctia AB, AC v6i DE Trén DE lay F sao cho AF//EO

. —= 1 = 1 - 1 = 1 - 1 - P

Ta thay ABC = EsdAC = EsdACD — ESdCD = EsdABD — ECD = CLD Do do, tu giac
BKLC noéi tiép Tir d6, nén theo dinh ly vé hé thuc luong trong duong tron ta suy ra dugc
ED” = EB.EC = EK.EL Mt khéc, vi O la trung diém ctia AD va vi AF//OE nén E la trung
diém ctia FD Vay, theo hé thitc Newton ta ¢6 (FDKL) = —1 Suy ra A (FOMN) = —1 T
do, voi chi y rang AF// MN, theo dinh ly vé chum diéu hoa ta suy ra duge OM = ON

Bai toan 29. AD, BE, CF la cac duong cao cua tam giac nhon ABC. Dat P = BCN EF. Buong
thang qua D, song song v6i EF theo thi tu cat AB, AC tai Q, R. Chiing minh rang dudng
tron ngoai tiép cta tam giac POR di qua trung diém cta BC.

Loi giai.

Goi M la trung diém ctia BC. Theo gia thiét BEC = BEC = 90° Do d6, bén diém B, C, E, F
cuing thudéc mot duong tron Tir d6, véi chti y rang QR/ /FE ,suy ra B, C, Q, R cting thudc mot
dudng tron Vay, theo dinh ly vé hé thic lugng trong dudng tron ta suy ra DQ.DR = DB.DC
(1) Mat khéc, theo dinh ly vé hang diém diéu hoa ta suy ra (DPBC) = —1 Tir d6, v6i chu
y rang MB = MC, theo hé thic Maclaurin DP.DC = DB.DC (2) Tix (1) va (2), theo dinh ly
vé hé thic lugng trong dudng tron, suy ra dudng tron ngoai tiép ctia tam giac PQOR di qua
trung diém cua BC.

Bai toan 30. Cho ti gidc ABCD ndi tiép duong tron (O). AB, AC, AD theo thu tu cat
CD,DB,BC tai X, Y, Z. Ching minh ré“mg O Ia truc tam tam giac XY Z.

Loi gidi.
Qua X, ké t6i O céc tiép tuyén XM, XN. Goi P, Q la giao diém ctia MN véi AB,CD Suy

a (XPAB) = (XQDC) = —1Do d6 AD,BC,PQ dong quy = Z € PN (1) Mat khac, ta lai
c6 (XPAB) = (XQCD) = —1Suyra AC,BD, PQ dong quy = Y € PN (2) Tit (1) va (2) suy
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ra MN = YZ Do OX1LMN = OX_1YZ Chung minh tuong tu ta cing dugc OZ_LYX Vay
O la truc tam tam giac XY Z.

Bai toan 31. Cho tam giac ABC. Cac diém M, N thudc BC. Céc diém P, Q theo thut tu thudc
AC,AB.DatO = MPNNQ; K=BONNP; L = CONMQ. Chiitng minh réng AO,BL,CK
dong quy.

Loi giai.

batI = BLNCK; U = BONMQ;V = CONNP Ta cé6 B(ALOC) = (QLMU) =
(MULQ) (theo tinh chat ctia t s6 kép ctia hang) = (PKVN) (xét phép chiéu xuyén tdm O)
= C(AKOB) Tir dé suy ra A, 1,0 thang hang Vay AO, BL, CK déng quy.
Bai toan 32. Cho tam giac ABC va diém O nam trong tam giac. BO, CO theo thu tu cat
AC,ABtaiE,F (EF khong song song v6i BC). I = AO N EF. H 1a hinh chiéu cta I trén BC.
Ching minh rang AHE = OHF.

Y tuéng Xem H la dinh ctia mot chitm diéu hoa trong d6 c6 hai duong thang vuoéng goc
nhau.

Loi gidi.
Pat S = EFNBC; T = SONBC Tacé (BCTS) = —1 (hang diém diéu hoa cag ban) Suy
a (FEIS) = —1 (qua phép chiéu xuyén tam A) (AOTI )= -1 (qua phep chiéu xuyén tam
F)Dodo H(FEIS) = —1; H(AOTI) = —1Suyra [HE = [HF; THA = THO (do HI L HS
, dinh Iy vé chum diéu hoa) Vay AHE = OHF.

Bai toan 33. Cho tam giac ABC. Cac dudng phan gidc BE, CF cat nhau tai I ( EF khong song
song v6i BC ). Pudng thang qua I, vudng goc véi EF theo thit tu cat BC, EF tai P, Q. Gia st
IP = 2IQ. Tinh goc BAC.

Loi giai.
bat K = EFNBC; R = AKNPQ; D =1ANBC, L = IANEFTacé (CBKD) = —1
(hang diém diéu hoa co ban) = (AILD) = —1 (qua phép chiéu xuyén tam E) = (RIQP) =
IQ

—1 (qua phép chiéu xuyén tdm K ) Suy ra ﬁ =1 =5~ Q la trung diém PR =

AKPR cén tai K = AKE — BKE E = BAC — KAC C (1) Mt khic ta lai c6 (BCDK) = —1
= A (BCDK) = —1Do BAD = CAD = CAK = xAK (2) Tt (1) va (2) suy ra BAC = 60°

Bai toan 34. Cho hinh thang ABCD (AB//CD) ¢6 BC = BD. Dudng thang déi xting véi
CA qua CD theo thu tu cat AD, BD tai E, F. Chung minh réng EC = EF.

Loi gidi.
Lay K sao cho B la trung dlem cua doan AK Vi AK/ /DC va BC = BD nén AKCD la

hinh thang can Suy ra KDC = ACD Do ACD = ECD = KDC = ECD Do do DK//CE (1)
Mat khac vi DC//AK va BA = BK = D (CBAK) = —1 (dinh ly vé chum diéu hoa) Do d6
D (CFEK) = —1(2) Tir (1) va (2) suy ra EC = EF (dinh ly vé chum diéu hoa)
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4 Bai tap ap dung

Bai 1. Cho tam giac ABC can tai A va A =120 D thudc doan BC sao cho BC = 4CD. K
thudc doan AB sao cho CK_LAC. Pudng tron ngoai tiép tam gidc ABD cat AC tai E khac A.
Duong tron ngoai tiép tam giac KCD cat AB tai F khac K. Pudng tron ngoai tiép tam gidc
ABD,KCD cat nhau tai G khac D. Ching minh ré“mg BE,CF,DG déng quy.

Bai 2. Cho tam gidc ABCnoi tiép duong tron (O), cac duong cao AA’, BB/,CC’. AA’ cat (O)
tai diém thit hai D. E thudc A’B’ sao cho BELOA. DB’ cat (O) tai diém thit hai F. BF cat AE
tai K. Chitng minh rang K 1a trung diém B'C’.

Bai 3. Cho tut gidc ABCD noi tiép duong tron (O). AC cat BD tai E, AD cat BC tai F. Trung
diém ctia AB va CD lan lugt 1a G, H. Ching minh rang EF 1a tiép tuyén cta duong tron
ngoai tiép tam gidc EGH.

Bai 4 (KHTN vong 3 nam 2011-2012 ngay thu hai). Cho tu giac 16i ABCD khong Ia hinh
thang noi tiép du[dng tron (O). AD giao BC tai E. I 1a trung diém CD. EI cat duong tron
ngoa1 tiép tam giac EAB tai M khac E. AC giao BD tai F. EF cat dudng tron ngoai tiép tam
gidc EAB tai N khac E. Chiing minh rang bon diém C, D, N, M ciing thudc mot duong tron.

Bai 5 (KHTN vong 2 ndm 2012-2013 ngay thit nhat). Cho tam gidc nhon ABC. D la mot diém
thudc doan AC. Gia st dudng tron ngoai tiép tam gidc ABD cat doan thang BC tai E khéc
B. Tiép tuyén tai B, D ctia dudng tron ngai tiép tam gidc ABD cat nhau tai T. AT cat duong
tron ngoai tiép tam gidc ABD tai F khac A. CF giao DE tai G. AG giao BC tai H. M la trung
diém cua AF. AE giao MD tai N. Chung minh féng HN//AT.

Bai 6 (IMO Shortlist 1995). Cho tam gidc ABC c6 D, E, F lan luot 1a tiép diém trén BC,CA, AB
ctia dudng tron noi tiép tam giac. Goi X 1a mot diém bén trong tam giac ABC sao cho duong
tron ndi tiép tam gidc XBC tiép xtic véi BC tai D, tiép xuc v6i XB, XC theo thi tu tai Y, Z.
Chung minh E, F,Y, Z df)ng vién.
Bai 7 (China TST 2002). Cho tt giac 16i ABCD, goi E, F, P 1an lugt la giao diém ctia AD va
BC, AB va CD, AC va BD. Goi O la chan duong vudng goc ha tir P xudng EF. Chitng minh
rang AOD = BOC
Bai 8 (Balkan MO 2007). Cho AABC vuéng tai A. D € AC va E déi xtiing véi A qua BD,
F la giao diém ctia duong thang qua D vudng géc véi BC va duong CE. Chiing minh rang
AF, DE, BC dong quy.

Tai liéu tham khao

[1] Nguyén Minh Ha (CB), Nguyén Xuan Binh - Toan nang cao hinh hoc 10 NXB GD
2000.

[2] Poan Quynh (CB), Van Nhu Cuong, Tran Nam Diing, Nguyén Minh Ha, D4 Thanh
Son, Lé B4 Khanh Trinh - Tai liéu chuyén toan hinh hoc NXB GD 2010.
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VE MOT SO BAI TOAN HINH HOC PHANG TU CAC
KY THI OLYMPIC CAC NUGC

Nguyén Ba Dang
Hoi Toan hoc Ha Noi

Tém tat néi dung

Hoc sinh Viét Nam c6 thé manh vé cac bai hinh hoc phfmg, nhiéu nam dé thi chon
hoc sinh gidi Quéc gia thuong c6 hai bai “curc khé” so véi dé thi Olympiad cac nude song
nhiéu hoc sinh Viét Nam van giai tot.

Bai viét nay tuyén chon cac dé thi toan Olympiad cac nudc dic biét ki thi Sharygin
Geometry Olympiad ctia Nga va Iranian Geometry Olympiad (IGO) la hai ki thi chuyén
vé hinh hoc cho cac nudc tham gia. Méi bai ¢6 nhiéu cach giai phit hgp véi hoc sinh Viét
Nam theo Chuong trinh Phé thong 2018.

1 Baitoan

Bai toan 1. Cho tam gidc nhon ABC ndi tiép duong tron (O), dudng tron ndi tiép (I) tiép xtic
cac canh BC, CA, AB thtt ty tai D, E, F. Dudng thang EF cat duong tron (O) tai P va Q (P gan
F). Chung minh ZDPA + ZADQ = ZQIP. Loi giai. Puong tron (AEF) cat duong tron (O)
tai K, gia thiét E, F 1a cac tiép diém ctia dudng tron ndi tiép (I) voi canh AC, AB nén IE vudng
g6c AC va IF vuong goc AB, suy ra tir giac AFIE noi tiép, duong kinh Al ta c6 Z AKT = 90°
suy ra nam diém A, F, I, E, K nam trén duong tron duong kinh Al , ta ¢c6 ZAFK = ZAEK
suy ra /BFK = 180° — ZAFK = 180" — ZAEK = ZCEK (1)

A
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/FBK = ZABK = ZACK = ZECK (2)

\ BK  BF
T (1) va (2) suy ra tam giac BFK va CEK dong dang (g.g) , ta c6 CK = CE’ D, E, Fla cac
) . BK  BD
tiep diém , ta c6 BD = BF va CD = CF, tac6 —— = —— suy ra KD la phén giac goc ZBKC,

CK CD
kéo dai Al cat duong tron (O) taiM , ta c6 ZBKM = ZMKC suyra K, D,M théng hang.
KI cat PQ tai H va duong tron (O) tai G, AK vudng goc Kl suy ra AG la duong kinh duong
tron (O) suy ra AM vudng goc GM, gia thiét Al vudng goc EF suy ra GM song song EF hay
GM song song PQ, ta ¢c6 GP = MQ, ta c6 L/PKH = ZPKG = ZMKQ, ZKPQ = ZKMQ suy

. S A . KP KM
ra tam giac KPH va KMQ dong dang (g.g) , ta c6 KH ~ KQ'
Ta c6 /ZFKE = /FAE = /BAC = /BKC, ZKEF = 180° — ZFAK = 180° — ZBAK =
/BCK suy ra KEF va KCB dong dang (g.g), tam gidc IEF va tam giac MCB dong dang KI cat
KD

EFtaiH,KMcétBCtaiD,tacé—H: ,tacég— KPRH _KMKD KD

KI ~ KM KI ~ KHKI = KQKM KQ
tam gidc KPI va KDQ dong dang (c.g.c) , ta c6 ZKIP = ZKQD.
KH KD 5 KP KM
KI ~ kM "“KH ~ KQ
va KIQ dong dang , ta c6 /KPD = /KQI suy ra
ZDPA + ZAQD = ZDPK+ ZKPA + ZKQD — ZKQA = ZDPK+ ZKQD = ZQIK +
ZKIP = ZQIP
Bai toan 2 (Sharygin Geometry Olympiad nam 2023). Cho tam gidc ABC, géc ZABC > 90°,
P va Q trén AC sao cho PB = PA va QC = QB, dudng tron ngoai tiép tam giac BPQ cat AB
tai M va BC tai N.
a) R 1a giao cuia MQ va NP. Chung minh RC = RA (I16p 8 va 9)
b) BR cat AC tai I. Chirng minh MN vuéng géc OI (Lép 9, 10)

suy ra

nhan hai dang thiic véi nhau

<0 = @ suy ra tam giac KPD

Loi gidi. Gia thiét P, Q trén AC théa man PB = PA va QC = QB suy ra P ndm trén trung
truc AB, Q thudc trung tryuc BC giao diém hai trung tryc la O suy ra O tdm duong tron ngoai
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tiép tam giac ABC , ta c6 ZOEB = ZODB = 90° suy ra tit gidc ODBE noi tiép suy ra

/POQ = /DOE = 180° — /DBE = 180° — ZABC Gia thiét /PAB = /PBA, tu giac
BQPM noi tiép , ta c6 /ZMQP = /MBP = /ABP, tacé /MQP = /BAC, tuong tu /NPC =
/BCA.

Gia thiét PN va QM cét nhau tai R, ta ¢6 ZPRQ = 180" — ZNPC — ZMQA = 180" —
/BCA — /BAC = ZABC, ta c6 ZPOQ = 180° — ZABC = 180° — ZPRQ suy ra t gidc
OPRQ ndi tiép.

OR cit AC tai F, ta 6 ZROP = /RQP = /MQA = /MBP = /MAF, ta c6 ZOFA =
Z0ODA = 90° suy ra OR vuéng géc AC, ta cé FC = FA, ta c6 RC = RA.

b. Goi I 1a giao diém ctia BR vdi AC, ké BK song song AC suy ra ti giac CKBA 1a hinh
thang can suy ra OB cat AC tai J, OF la truc dbi xing AC suy ra ] d6i xiing véi I qua OF.

OI cat MN tai H va cat duong tron ngoai tiép tam gidc ABC tai K. Xét tir giac HICN, ta
c6 ZIHN = 360" — (/HNC + ZNCI + ZCIH) =

= (180° — ZHNC) + (180° — ZNCI) — ZHIC = Z/ZBNM + (180° — ZNCI) — ZOKB =
— /BQM + (180° — /BCA) — ZOKB = /BQA — /ZMQA + ZABC + /BAC — ZOKB =
—2/BCA — /BAC + LABC + /BAC — ZOKB = 2/BCA + /ABC — ZOKB =

=2/BCA+ £LABC — ZKBC — ZCBO = 2/BCA + LABC — ZBCA — ZCBO = ZBCA +
ZABC — ZCBO =

= /BCA + ZABC — (90° — Z/BOE) = 180° — ZBAC — 90° + /BAC = 90° suy ra OH
vuong goc MN.

Bai toan 3. Cho tam giac ABC, D, E va F thua tu la trung diém BC, CA, AB. Puong tron
(BCF) cat BE tai P, duong tron (ABE) cat AD tai Q (D & gitra A va Q), DP va FQ cat nhau tai
M. Chuing minh trong tam tam giac ABC thudc duong tron (PQM).

Loi gidi.
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Puong tron (BCF) cat BE tai P, ta c6 GB.GP = GF.GC, dudng tron (ACF) cat AD tai I,
taco AG.GI = GF.GCsuyra

1 1 1 )
GP.GE = GP.EGB = -CG.GF = ;AG.GI = GD.GI suy ra tu giac EPID ndi tiep , ta co

2 2

ZEGD = ZEID

Goi K 1a giao diém cta hai dudng thang ké tir C song song PD, va tir D song song BP, ta
c6 ZCKD = /DPB, ti giac NDCK noi tiép ZCND = ZCKD (1)

Duong tron (DCK) cat CF tai N suy ra ta giac FNDQ ndi tiép ,tacd6 Z/CND = /DQF =
ZGQF (2)

T (1) va (2) , ta cd LFQG = ZMQG = ZDPB = ZMPG tit d6 suy ra tui giac GPQM noi
tiép hay trong tdm G ctia tam gidc ABC thudc duong tron (PQM).

Cach 2. Goi H va K 1a hinh chiéu ctia C va D trén AB va E 1a hinh chiéu ctia A trén BC
suy ra
AK AH+AB  CHcotA + CH(cot A + cot B)

cotBAD = mx CH CH

= =2cot A + cotB.
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cot ADC = % = 2cot BFC + cot PBC

Thay vao , ta c6 cot BPD = cot A + cot B + cot C . tuong tu cot GQF = cot A + cotB +
cotC, tacé ZGQF = ZGPM suy ra trong tam G cua tam giac ABC thudc duong tron (PQM).
Bai toan 4 (China 2021). Cho tam giac nhon ABC (AB < AC) ndi tiép duong tron (O), dudong

kinh AK, phan gidc géc ZBAC cat duong tron (O) tai D, dudng thang qua O song song AD
cat AB, AC 1an luot tai M va N, duong thsfmg BD cat CK tai P, duong théng BK cat CD tai Q.

Chung minh Z/ONB + ZOPB = ZOMC + Z0QC.

Loi gidi.

B C
%D
Q

Gia thiét AK la duong kinh duong tron (O) suy ra Z/PCB = /KCP = /KAB = ZOAB =
/0OBM /PBC = /DBC = /DAC = /DAB = ZOMB suy ra tam giac BOM va CPB dong

dang (g.g) , ta c6 % = % = %, tam giac ACK vuéng , ta c6 ZOCP = 90° — ZOCA =
/ABC = /MBC suy ra tam gidc BCM va CPO dong dang (c.g.c);

ZBCD = ZDAC = ZONC, ZCBQ = ZCBK = ZCAK = ZACO suy ra CON va OBQ
CN CO OB

BC = @ = E suy ra tam giac CNB va BOQ dong dang (c.g.c)

dong dang (g.g) , ta c6
suy ra

/OPB — £0QC = (£/OBP+ ZOPB) — (£0CQ+ Z0QC) = = (180° — ZBOP) — (180° —
/COQ) = LCOP — /BOQ = /BDC — /BNC =

— (£LODC + ZADN) — (/ONB + AND) = Z/0ODC — ZONB, ta ¢c6 ZONB + ZOPB =
ZOMC + £0QC.

Bai toan 5 (HongKong 2021). Cho tam giac nhon ABC, dudng phan gidc géc A cat canh

BC tai E va cat duong tron ngoai tép tam gidc ABC tai D, M 1a trung diém AB, P la
diém sao cho PA vudng goc AB, va MD vudng goc PB. Ching minh tam gidc AEP can.
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Loi gidi. Goi N la trung diém BC, gia thiét MA = MB, NB = NC suy ra MN song song
AC va /BND = 90Y, K la giao diém BP va MD theo gia thiét DM vuong goc BP , ta c6
/BKD = 90° suy ra tir giac BKND néi tiép. Goi H la hinh chiéu ctia D trén AB , ta ¢6
/BHD = 90° suy ra nam diém B, K, N, D, H nam trén duong tron duong kinh BD , ta c6
/NDH = /ABE, gia thiét AD la phan giac géc /BAC, ta c6 ZNHD = /NBD = /BAD
suy ra tam gidc ABE va HDN dong dang (g.g) , ta c6

AB  AE

Hp N

MN cat AD tai I, MN song song AC, ta cé ZAIM = /IAC = /DAC = /BAD = /MAI
suy ra tam giac AMI can , ta c6 MA = MB = MI, ta c6 ZAIB = 90°, ta c6 /BID = 90" suy
ra I thuoc dudng tron duong kinh BD , ta c6 ZIBN = ZIDN, tam gidc ABE va HDN dong
dang theo tinh chat dong dang suy ra HN vudng goc AD suy ra Bl song song HN suy ra
BINH la hinh thang can suy ra tam giac MHN can c6 MH = MN.

Gia thiét PA vudng goc A suy ra ti gidc AMKP ndi tiép , ta c6 ZAPB = ZHMD suy ra

AB £ , AP AE

OM — HD (2), kethop (1), (2) ,ta co oM~ BN

Mit khac /PAE = 90" — /BAE = 90° — /DHN = /NHM (3) suy ra tam giac MHN va
PAE dong dang (c.g.c) , ta c6 PA = PE.

tam giac APB va HMD déng dang, ta co
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Céch 2 Dung két qua cia APMO 2017.

Tam giac ABC (AB < AC), dudng phan gidc goc A cat duong tron ngoai tiép tam giac
ABC tai D, Q trén trung truc AC va dudng thang qua A vuéng goc AD. Chitng minh (AQD)
di qua trung diém AB. Goi M, N, I 1an luot la trung diém AB, BC, CA suy ra DN vudng géc

BC, QA vuéng géc AD, ta c6 ZQAC = 90° — ZCAD = 90° — %4BAC = /CDN suy ra tam

giac CND va QIA dong dang (g.g) suy ra

DN DN DC o o B
AT = MN ~ o4 ZDNM = 90°+ ZMNB = 90° 4 ZACB = (LQAI + ZCAQ) +
/ACB = /QCD

suy ra tam gidc DNM va DCQ dong dang , ta c6 % = % va ZMDN = ZQDC, taco
ZMDQ = ZMDN + ZNDQ = ZQDC + ZNDQ = ZCDN suy ra tam giac MDQ va NDC

dong dang (c.g.c), ta c6 ZDMQ = Z/DNC = 90° suy ra (AQD) di qua trung diém AB.

Bai toan 6. Cho tam gidc ABC khong can, dudng tron ndi tiép tiép xtic voi canh BC, CA, AB
tai D, E va F. Tir B va C dung dudng thang vuong géc BC cat EF tai P va Q, PD va QD cat
duong tron ndi tiép tai M va N, BN va CM cat nhau tai L.

Chitng minh DI di qua trung diém PQ.

Loi gidi. T B, D, C ké dudng thang vudng goc EF cat EF 1an luot tai K, H, G suy ra BH, DH,
CG song song suy ra
KH BD

Hc — D’ va /BFK = ZAFE = ZAEF suy ra tam giac BKH va CGE dong dang
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A Q
G
K BE
B D C
,tacod bH _KiT_ BD suy ra HD la phan giac géc Z/BHC, ta c6 ZBHD = ZDHC, DH

CH GH -
vuong goc EF, ta c6 ZBHK = ZCHQ.

Tir giac BPHD va CQHD la cac ti gidc noi tiép , ta c6 /BDP = /BHP = /CHQ =
ZCDQ suy ra MN song song BC va DM = DN, ctuing tir d6 suy ra tam gidc vuong BDP va
CDQ dong dang , ta ¢6 Z/BDP = ZCDQ.

ML CD
DIcat MN,PQtai LvaJ,tacé — = , tinh chét ty s6 dién tich hai tam giac suy ra

LN ~ BD’

dtPD] _ DP.DJ @ dtDLN _ DL.DN 2
dtMDL ~ DM.DL *” dtDJQ  DJ.DQ

. dtPD] dtDLN  DP.DJ DL.DN _ DP

nhan dang thic (1) cho (2) , ta c6 dtMDL dtDJQ  DM.DL D].DQ DQ

3),

s 901 _ Q) _ dtPD] dtDLN dtDJQ _ DP JQ

S/Iatkh app ~ jp W nha“f’) VoL, taco B nT @DjQ d@tDjP . DO PJ’

J dtLDN _ DP JQ tLDN L LN DPJQ

O ZiLDM ~ Do pj Oy matkhic = g Ot G)va6) taco i = 555
BD  BD _ DP JQ . Pl _DPCD

LN
MN song BC, ta c6 — M- CD tac Scp = DO P’ ta ]Q D_Q@ 1, ta co
P]=]Q.

Bai toan 7 (APMO). Cho tam giac ABC, truc tdm H, M va N la trung diém AB, AC, H nam
trong tu glac MNCB, théa man duong tron ngoai tiép tam gidc HBM, va duong tron ngoai
t1ep tam glac HCN tiép xtic nhau. Puong thang qua H song song BC cat duong tron ngoai
tiép tam giac HBM tai P, dudng tron ngoai tiép tam giac HCN tai Q, PM cat QN tai D, I 1a
tam duong tron ndi tiép tam giac HMN. Chitng minh DA = DI.

Loi gidi. Gia thiét H 1a truc tim tam gidc ABC , ta c6 ZABH = /ACH = 90° — /BAC.

Gia thiét duong tron ngoai tiép tam gidc HBM, dudng tron ngoai tiép tam giac HCN tiép
xtc nhau tai H suy ra

/MHN = ZMBH + /NCH = 180" — 2/BAC;
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T gidc MHBP va NHCQ noi tiép , ta c6 /MBH = /MPH = /NCH = /NQH =
90° — ZBAC.

Gia thiét M, N 1a trung diém AB, AC, PQ song song BC suy ra PQ song song MN suy
ra /DPH = /ZDQH, ta c6 ZDMN = ZDNM suy ra tam gidc DMN can DM = DN, ta
c6 /ZDMN = /DNM = 90° — /BAC, ta c6 /MDN = 180" — 2/DMN = 2/BAC, ta ¢6
/MHN + /MDN = 180" — 2/BAC +2/BAC = 180° suy ra ti gidc MDNH ndi tiép , ta c6
ZMHD = ZDHN suy ra HD la phan giac goc ZMHN.

Gia thiét I 1a tim dudng tron noi tiép tam giac MHN suy ra I nam trén HD theo tinh chét
e . Ak ) 1 Lo
ctia tim dudng tron néi tiép , ta c6 ZMIN = 90° + EAMHN = 180° — Z/BAC suy ra tt giac

AMIN noi tiép va DM = DN = DI suy ra I 1a tam duong tron (AMN) , ta c6 DA = DI.
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