WOANHOC

CAC PE THI VAO LOP 10 CUA THANH PHO HA NOI

DE SO 17 - NAM 2012

Mon: Toan Chuyén - Thoi gian lam bai: 150 phit
Bai 1. (2 diém)
1) Chitng minh v6i moi s6 nguyén n thi n’ + 5n° - 6n chia hét cho 30

2) Cho sb ty nhién n théoa man n(n + 1) + 6 khong chia hét cho 3. Ching minh rﬁng 2n’ +n

+ 8 khong phai 12 s6 phuong.
Bai 2. (2 diém)

x—2y—-24+1=0

1) Giai hé phuong trinh sau: S

x> —4xy+4y* —=+1=0
X

2) Cho $b thyc x, y, z thoa man x>+ y2 +7°=2012. Tim gid tri nho nhat cta biéu thic M =
2Xy — yZ — ZX.
Bai 3. (3 diém)

Cho duong tron (O, R) va day cung BC c6 dinh (BC < 2R). Mot diém A di dong duong
tron (O, R) cho tam gidc ABC la tam gidc nhon. Goi AD la duong cao va H la tryc tam

tam gidc ABC.

1) Puong thang chira phan gidc ngoai cua géc BHC cit AB, AC lan luot tai M, N. Ching

minh tam gidc AMN la tam giédc can.

2) Goi E, F hinh chiéu ctia D 1én BH, CH. Chirng minh OA vuéng géc véi EF.
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3) Puong tron ngoai tiép tam gidc AMN cat duong phan gidc trong cua géc BAC tai K.

Chtng minh rang HK luén di qua mét diém cb dinh.

Bai 4. (1 diém)

Tim céc s6 nguyén duong X, y, z thoa man (x + 1)(y + z) = xyz + 2
Bai 5. (1 diém)

Cho tir gidc ABCD ndi tiép dudng tron tim O, ban kinh R = 2cm. Chimg minh rang trong
s 17 diém A, A, ..., A7 bat ky ndm trong tr gidc ABCD ludn c6 thé tim duge 2 diém

ma khoang cdch giita 2 diém d6 khong 16n 1em.

LOI GIAI CHI TIET

Cau 1. Chitng minh ring véi moi s6 nguyén n thi n° + 5n® — 6n chia hét cho 30.
Loi giai.

Ta c6: A =n® + 5n® — 6n = n(n* 4+ 5n% — 6) = n(n? — 1)(n? + 1)(n?® + 6)

Dé thay (n — 1)n.(n+ 1):6

Ta sé chiing minh A:5.

That vay
e Néu n = 5k thi A:5.
e Néu n =5k + 1 thi (n —1):5 = A5.
e Néu n = 5k + 2 hosic n = 5k + 3 thi (n®? + 6):5 = A5.
e Néu n =5k +4 thi (n+1):5 = A5.
Vay A = n® + 5n® — 6n:30.

Cau 2. Cho s6 ti nhién n thoa man n(n + 1) + 6 khong chia hét cho 3. Ching minh ring
2n* 4+ n + 8 khong phai 1a sé chinh phiong.

Loi giai.

Ta ¢6 n(n+ 1)+ 6 khong chia hét cho 3 nén n(n+ 1) khong chia hét ¢cho 3 = n = 1( mod 3) =
2n? + n+ 8 = 2( mod 3). Vay 2n? + n + 8 khong phéi la mot s6 chinh phuong.
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2
r—2y——+1=0
Cau 3. Giai hé phuong trinh Tt 4 .
:.':2—4:::y+4y2— —2—|—1=U
x

Loi giai.

2 2
r—2y——+1=0 r—2y——+4+1=0
Ta c6 r A = . 9
a2 —dry + 4" — 5 +1=0 (x—2y)? —(=)*+1=0.
x T
a=x—2y
Dat: 9
b= —
x
a—b+1=0
Khi d6, hé phuong trinh trd thanh: =bB-1)2-bv"+1=0
a2 = +1=0

= -2b+2=0&b=1=a=10

z—-2y=0 =12
Do dé: ¢ 9 =
— =1 y=1

Vay hé phfrong trinh ¢6 1 nghiém (2;1).

Cau 4. Cho cac s6 thye z,y, z thda man: 22 + 3? + 2% = 2012. Tim gia tri nhd nhét clia biéu
thitc M = 2(zy — yz — zx).

Loi giai.

Taco: 22+ y* +22=2012 & (z+y—2)* =2012+2(zy —22 —yz) > 0

= 2(zy — zz — yz) > —2012

Suy ra: miny; = —2012. Dau béng xay ra khi z +y = 2.

Cau 5. Cho duong tron (O, R) va day cung BC ¢b dinh (BC < 2R). Mot diém A di dong trén
dudng tron (O, R) sao cho tam giac ABC la tam giac nhon. Goi AD la dudng cao va H la tryc

tam ctia tam giac ABC.

a) Dudng thing chita phan giac ngoai clia BHC cit AB, AC lin lugt tai M va N. Chiing

minh ring tam giac M NP can.
b) Goi E, F 1a hinh chiéu ctia D len BH,CH. Chiing minh rang OA vudng goc véi EF.

¢) Dudng tron ngoai tiép tam gidc AMN cit dudng phan giac trong BAC tai K. Chiing

minh ring HK ludn di qua mot diem ¢ dinh.

Lai giai.
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a) Goi B’ 1a hinh chiéu cia B lén AC, chiéu ctia C' 1én AB.
Khi d6: AMN = ABH + MHB; ANM = ACH+ NHC (1)
Tt giac BCB'C' 1a t1t giac noi tiép nén ABH = ACH (1)

Hon nita, M N la phan gldC ng()dl goc BHC nén MHB = NHC (3)
Tit (1), (2), (3) suy ra: AMN = ANM hay tam giac AMN can.

b) Goi P, Q lan luot 14 hinh chiéu ctia D lén AB, AC
Ta c6 BEP = BDP (tt gidc BPED noi tiép), BDP = BAD (cting phu ABD) BAD =

HDF (do AAC'H «~ ADFH), HDF = HEF (tit giac HEDF nai tiép).
Suy ra: BEP = HEF.

Ta c6: BEP + BEF = BEF + FEH = 180° = P,E, F thang hang.
Tuong tu Q, F, E thing hang.

Vay duong thing FF trung véi duong thang PQ  (4)

Ké tiép tuyén xAy cia dudng tron (0), ta c6 OA L zAy  (5)

Khi d6 AP.AB = AD? = AQ.AC = ig S5 = DAPQ < ACB = APQ = ACB ma

ACB = zAB (cting béng %sdﬁ_g)
Suy ra m — 7AB = rAy /| PQ (6)
Tit (4), (5),(6) suy ra OA L EF.
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¢) Goi T la giao diém ctia KM va BH, S 1a giao diém ctia KN va CH.
Do AM = AN va AK la phan giac cia M AN nén AK la dudng kinh dudng tron ngoai
tiép tam giac AMN.
Suy ra HTK S 1a hinh binh hanh = HK di qua trung diém ctia TS.  (7)
TH MC MC'  HC'

- o U = 3 I 13 a i S N suv

Ta co: TE = B (vi KM j| CC, ME — HB (vi HM 1a phan giac goc BHC") suy

TH He”
4 —— = ——

s HI‘? HB'
Tuong ty — SC HC . T1t gidc BC'B'C ndi tiép.

TH H

Suy ra C'BH = B'CH = TH gc TS ) BC (8)

Tit (7), (8) suy ra HK di qua trung diém ctia BC.

Cau 6. Tim cac s6 nguyén duong z,y, z thoa méan (z + 1)(y + z) = ryz + 2

Lai giai.

Taco: (z+1)(y+2)=azyz+2zs(y+z—yz)=2—-y—=z.

Véiy+z=9yz< (1—y)(1—2) =1= y=z= 2. Khidj, phuong trinh da cho trd thanh:
4(xr+1) = 4z + 2 (méau thuan).

2—y—z

y+z—yz

Dé z nguyen duong thi ta c6 hai trudng hop:

Do d6 y + z # yz. Khi d6: . =

e Néeu2—y—2>0,y+2z—yz>1thiy+2z <2 Tatim duge y = z = 1. Khi d6, phuong
trinh da cho tuong duong véi: 2(z + 1) = r + 2 = 2 = 0 (mau thuan).

y+z—2

yz—y—=z
yz—y—2z>1nén dé znguyén duong thiy+2 - 2> yz—y—2 (y—2)(z —2) < 2.

Dén day dé thay dude phuong trinh ¢6 cac nghiem (1;3;4), (1;4;3).

eNéu2—y—2<0,y+z—yz< —1hayz = . Nhan thdy y +2—2 > 0 va

Cau 7. Cho tit gidc ABCD noi tiép duong tron tam O, ban kinh R = 2e¢m. Chitng minh réng
trong s6 17 diém A;, Ay, ..., A;7 bat ki ndm trong tit gide ABCD luén tim duge hai diém ma
khoang cach gitta chung khéng 16n hon 1.

Lai giai.
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Tit tam O ciia dudng tron, ta ha cac dudng vuong géc xudng cac day cung: AB, BC,CD, DA
thi ¢6 4 tit giac noi tiép dude tao thanh, ching déu noi tiép dudng tron ¢6 d = 2em. Goi
AA,A,0) 1a 1 trong 4 tit gide noi tiép d6. Tit trung diém ciia OA, ta ha cic dudng vudng géc
xubng cac canh OA;, OAz, AA;, AA; clia tit gidce noi tiép AA; A,0) thi lan nay no bi chia thanh
4 t1t giac noi tiép dudng tron dudng kinh lem. Ba tif giac noi tiép kia cling chia theo cach nhu
vay. Tt do suy ra co6 16 tit gide noi tiép duong tron dudng kinh lem duge tao thanh sau qua
trinh phan chia trén. khi gieo 17 diém da cho vao tit gidc noi tiép ABCD thi chiing thuoc vio
16 tit gidc noi tiép trén, theo nguyen ly Derrichle ton tai 2 diém ciing thuoc 1 tit gidc noi tiép

va do do6 khoang cac gitra ching cing khong vugt qua lem.

Chiic cdc em luyén tdp va thi dat két qua tot!
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