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T4c gia: Nguyén Kim S&

Hoi Toan hoc Viét Nam

CAC KY HIEU TOAN HOC THONG DUNG DUNG TRONG TAI LIEU

1. IMO : Cudc thi hoc sinh gidi toan qudc té.

16. Y, x; : TOng x1 + X2 +..+ Xn (tOng

2. VMO : Ky thi hoc sinh gi6i quoc gia Viét Sigma).

Nam.

3. PHKHTN : Pai hoc Khoa Hoc Tw Nhién.

4. PHSPHN : Pai hoc Sw Pham Ha Noi.

5.N: T4p s6 tw nhién.

6. N*: Tap cac s6 nguyén duong.

7.7 : Tap cac sd nguyén.

8. Q: Tép sO hiru ty.

9.R: Tap s6 thuec.

10. @ : TAp rong.

11.a i b:achia hétchob.

12.d|m: d la wéc s6 cia m.

13. 'CLN(a; b) : Uéc s6 chung 1é6n nhit cua
2s6avab.

14. BCNN(a; b) : B6i s6 chung nho6 nhit cua
2s06avab.

15. (a; b) = 1 : Hai s6 a va b nguyén t6 cung

nhau.

17.1}e4 x; : Tich x1.x2 ... Xn.

18.n!': Tich n s6 nguyén dwong dau tién.

19. [x] : Phan nguyén cda s thuc x, 1a s
nguyén khong vwot qua x.

20. {x} : Phan 1é ctia s6 thuc x, {x} = x - [x].
21. BDPT : Bit diang thirc.

22. VT : V€ trai.

23. VP : V& phai.
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Khai thac tir diéu kién bai toan

a+b+c+2=abc

Nhuw t6i da trinh bay trong cac bai giang trwéc. Nhitng bai toan lién quan
dén bién doi co ban nay rat hay gip trong dé thi hoc sinh gidi, thi vao cac
tredng chuyén... cic nim gan day. Thwong dudi dang bat dang thirc hodc
tim gia tri nhé nhat, gia tri Ion nhat...co6 diéu kién.

bé lam dwoc doi hdi hoc sinh phai c6 kinh nghiém, tw duy nhiy bén, tinh té
va stt dung thanh thao cac hang dang thitc co ban, cic bién d6i co ban. Dac
biét lwu y: ddy la dang bai khé va néu bién doi qud da rdt dé dan dén madt
phwong hwdong trong viéc di tim loi gidi.

Bai toan 1:
Cho a, b, c1a cac s6 thwc dwong théaman 2 +a + b + ¢ = abc.
1 1 1

Chirng minh rang: + + =1
1+a 1+b 1+c

Loi giai:

Bang cach thém bét hang tir 2 vé cia diéu kién bai ra ta cd:
2+a+b+c=abc=>(1+a+b+ab)+(1+b+c+bc)+(1+c+a+ca)
=14+a+b+c+ab+bc+cat+abc=>(1+a)(1+b)+(1+b)(1+c)+
1+ac)(1+a)=(1+a)(+b)(1+0).

Via,b,c>0nén (1+ a)(1+b)(1+ c) # 0, chia ca 2 vé cia dang thic trén

1 1 1
cho (1 +a)(1 +b)(1+c¢) tathudu'(_)'c.1+a+1+b+1+C

=1, bai todn dworc

chirng minh.

TOAN BOI DUGNG HOC SINH GIOI | LGP CHUYEN TOAN THAY SO 093.464.1088



Bai toan 2:

Cho a, b, cla cac s6 thwc dwong théamin 2 + a+ b + ¢ = abc.
1. Chitng minhranga+b+c>6

2. Chirng minh rang a.b.c > 8

Lovi giai:

Dboi véi bai toan nay véi a, b, ¢ 1a cac s6 “khong Am” va mang tinh déi
xirng(vai tro a, b, ¢ nhw nhau), dw doan gia tri Ién nhat xdy rakhia=b =c
va phwong trinh 2 + 3a = a3 tim dwgc ngay nghiém a = 2. Vi thé ta nghi ngay
dén bat dang thirc Cauchy va c6 cach gidi nhu sau:

Cach 1:
T 2 +a+b +c=abcvaa,b, ckhéong 4m, st dung bat dang thitc Cauchy ta
c()2+a+b+c:abcs(a+b+c)3.

3
3
Déta+b+c=t=>2+ts% =t3-27t-5420= (t-6)(t+3)220.

Suyrat=6haya+b+c=6.Twrdéa.b.c=8.

Cach 2:
\ ~ 2 N - 7 1 1 2 ~ < 7
Twr két qua bai toan 1 ta duoc: + + = 1, sttr dung bat dang thirc
: 1+4a 1+b 1+c :
Svac-xo:
1 1 1 12 12 12 1+1+1)2 9
— + + > =

= = + + > =
1+a 1+b 1+c 14+a 1+b 14+c 1+4+a+1+b+1+c 3+a+b+c

=3+a+b+c=29haya+b+c26.

Cach 3:

«_n

T du doan diu “=" xay ra khi va chi khia =b = ¢ = 2, 4p dung b4t dang thitc
Cauchy véi 4 so ta duoc:
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abc=2+a+b+c=432abc=abc=8=a+ b+ c=6. T4t nhién con nhiéu
con dwong, hwdng di khac tir diéu kién hay va rat dac biét nay. Ban doc c6
thé tw minh khai pha thém.

Loi binh:

Ttr bai todn trén chiing ta thdy rang: bang cdch bién déi linh hoat cdc hdang
dang thirc(md rong) két hop véi phwong phdp xét ddu va cdc bdt dang thirc
c6 dién(Cauchy, Bunhiacopxki, Svdc-xo) dd tao ra nhiéu hwéng di khdc nhau
dé gidi quyét vdn dé va ciing tir sw phdn tich biéu thitca + b + ¢ + 2 = abc
theo cdc cdch trén sé la chia khéa gitp hoc sinh gidi dwoc mot 16p cdc bai
todn lién quan dén diéu kién ddc trung nay!

Bai toan 3:

Cho a, b, cla cac s6 thwc khong 4m théaman 2 + a + b + ¢ = abc.

N =7 - rd ~N 2 = A 7 a3+b3+C3

Tim gia tri nho nhat cua biéu thirc: S = ————
: ab + bc + ca

[Dé kiém tra kién thitc Todn I6p 9 - Pot 1 - chuyén DPHKHTN 2023]

Loi giai:

Bai nay c6 thé cé nhiéu hwéng di khac nhau, tuy nhién & day toi trinh bay 2
phwong phap nhw sau:

Cach 1:

Tir gid thiét2+a+b+c=abc=>a+b+c>6.

Mit khéc, vi vai tro cda a, b, ¢ nhw sau nén khong giam tinh tong quat ta cé
thé gid sira < b < ¢ = a? < b2 < 2 S dung bat dang thirc Chebyshev ta
duoc:

(@a+b+c)(a?2+b2+c?)<3(a3+b3+c3)>a3+b3+c322(a?+b2+c?).

St dung bat dang thirc coban a2+ b2+ c2>2ab+bc+ca=>a3+b3+c32
2(ab + bc + ca).
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a3+b3+c3>2@b+bc+c® _
ab+bc+ca  ab+bc+ca

TwdoS=

«u_n

D4u “=" xay ra khi va chi khi a =b = ¢ = 2. Viy gia tri nhé nhit cia S1a 2.

Cach 2:

. 1 1 1
Te2+a+b+c=abc= + + =1
1+4a 1+b 1+c

Dén day ta bién d6i mot chit va sir dung bat dang thirc BunhiacopxKki:

1

2 _ 1 1 1 2 _L_ _1
(a+b+c¢) —(—ma\ﬂ+a+—mbv1+b+—mcv1+c) S(1+a+1+b+
——)[a2(1 +a) +b?(1 + b) + c2(1 + ).

Hay a2+ b2+ c2+ 2ab + 2bc + 2ca< a3 +b3+ c3 + a2+ b2+ 2,
3 3 3
Suyraa3+b3+c3>2(ab + bc +ca) Satbte, 2, diu “=" xay ra khi va

ab+bc+ca
chikhia=b=c=2.

Ta van thu dwoc két qua nhw trén GTNN cuda S 1a 2.

Bai toan 4:
Cho a, b, cla cac s6 thwc dwong théamina+b +c+ 2 = abc.
b c

’ . Y a
Chirng minh rang: + + > 2.
1+b 1+4+c¢c 1+a

Loi giai:

Theo nhw phan tich & trén, ttra + b + ¢ + 2 = abc ta da thu dwoc hé thirc:
1 + 1 + 1 —
1+4a 1+b 1+4c

b C a b C 1 1 1 a+1
+ + =

+ + = + + + + =
1+b 1+c 1+a 1+Db 1+c 1+4+a 14+a 1+bDb 1+c 1+b
b+1 +c+1

1+4+c¢ 1+a

Suy ra

~N A 2 ~N 2 Y 7 = ,\'a+1 b+1 C+1 ’
bén day str dung bat dang thirc Cauchy véi 3 so6 ; ; :
’ 1+b" 14+4c  1+4+a
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> : : =3= + + +1 23 hay
1+b 1+c 1+a 1+4b 1+4c 1+4a 1+b 14+c 1+4+a
a b C > 2

+ + >
1+b 14+c 1+a

a+1 b+1 c+1 3la+1 b+1 c+1 a b C
+ + >

“u_n”

DAau “=” xay ra khi va chi khi:

a+1  b+1  c+1

1+Db 1+c 1+a

1 1 1
+ + =1
1+a 1+b 1+c

©Sa=b=c=2.

Bai toan dwoc chirng minh.

Ngoai ra, tir bai toan trwdc cling véi diéu kién twong twtada chira:a+b +
c = 6, bién ddi mot chit va st dung bat dang thirc Bunhiacopxki ta cé
hwdng di khac cho bai toan nay nhw sau:

(a+b+c)?= (w/a(1+b / + b1 +¢) ’ -+ Jc(1+a) , >

[a(1+b)+b(1+C)+C(1+a)]( + +1+a)

1+b 1+c

a b c (a+b+c)?
Suy ra + > :
1+Db 1+c 1+a a+b+c+ab+bc+ca

Mitkhiac:a+b+c26=>(a+b+c)’=26(a+b+c)=>3(@+b+c)?>=6(a
+b+c)+2(@+b+c)*=6(a+b+c)+6(ab+bc+ca)=6(a+b+c+ab+

a+b+c)? a b c
bc +ca) = ( ) >2= + + > 2.
a+b+c+ab+bc+ca 1+Db 1+c 1+a
Diu “=" xay rakhivachikhia=b=c=2
Pac biétlwuy:

Tir2 +a + b + c = abc ta kho co thé tim ra sw twong quan gitra a, b, ¢ nhwng

1 Y s
=1tacé thé ddta = L2Z +b = kil : C

+
1+b 1+c : y

N |
Saukhldablend01ve1+a+

X+ A \ 7 g ~ A ~? T 7 \ . 7 N 2
== 4 Dady la cdch rdt hiru hiéu dé gidi cdc bai todn bdt dang thirc sau nay

voi diéu kién twong tu.
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BAI TAP TU GIAI

Bai 1. Cho a, b, cla cic s6 thuwc dwong théaman 2 + a+ b + c = abc.

Chirng minh rang; \/11+a + \/11+b + \/11+C <+/3.

Bai 2. Cho a, b, cla cac s6 thwc dwong théamin 2 + a+ b + c = abc.

1 + 1 + 1
Vvaz +b%2  VbZ+c?  Vc? +a?

Tim gia tri 1&n nhét cta biéu thirc: S =

Bai 3. Cho a, b, cla cac s6 thwc dwong théaman 2 + a+ b + c = abc.
Chrng minh rang:

1. ab+bc+caz2(a+b+c)

2.V + b +c <=+Vabc

Bai 4. Cho a, b, c1a cac s thwc dwong théaman 2 + a+ b + c = abc.

Chirng minh rang: 2(Vab +Vbc ++vca) <a+b+c +6.

(con tiép)

Lép chuyén Toan thiy So

Lién hé: 093.464.1088
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TAI LIEU THAM KHAO

1. X. V. Conhiagin, G. A. Ténoian, 1. F. Sarwghin: Cac dé thi vo dich toan ctia
cac nwédc (Nguyén DE, Nguyén Khanh Nguyén dich tir tiéng Nga), Nha xuit
ban Hai Phong, 1993.

2. Dé thi HSG cac cap cua cac quin(huyén), tinh(thanh pho) trén ca nuwéc,
dé thi VMO, IMO.

3. Tap chi Toan hoc va Tudi tré.
4. Cac chuyén dé SEMINAR Héi todn hoc Ha Noi.

5. Cac website vé Toan hoc trong nwéc va nwéc ngoai.
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